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ABSTRACT. We tackle the problem of understanding the geometry and dy-
namics of singular complex analytic vector fields X with essential singularities
on a Riemann surface M (compact or not). Two basic techniques are used.
(a) In the complex analytic category on M, we exploit the correspondence
between singular vector fields X, differential forms wx (with wx (X) = 1),
orientable quadratic differentials wx ® wx, global distinguished parameters
Ux(z) = fz wx, and the Riemann surfaces Rx of the above parameters.
(b) We use the fact that all singular complex analytic vector fields can be
expressed as the global pullback via certain maps of the holomorphic vector
fields on the Riemann sphere, in particular, via their respective W x.

We show that under certain analytical conditions on Wy, the germ of a
singular complex analytic vector field determines a decomposition in angular
sectors; center C, hyperbolic H, elliptic E, parabolic P sectors but with the
addition of suitable copies of a new type of entire angular sector &, stemming
from X (z) = €* % This extends the classical theorems of A. A. Andronov et
al. on the decomposition in angular sectors of real analytic vector field germs.

The Poincaré—Hopf index theory for Re (X) local and global on compact
Riemann surfaces, is extended so as to include the case of suitable isolated
essential singularities.

The inverse problem: determining which cyclic words Wx, comprised of
hyperbolic, elliptic, parabolic and entire angular sectors, it is possible to obtain
from germs of singular analytic vector fields, is also answered in terms of local
analytical invariants.

We also study the problem of when and how a germ of a singular complex
analytic vector field having an essential singularity (not necessarily isolated)
can be extended to a suitable compact Riemann surface.

Considering the family of entire vector fields £(d) = {X(z) = xeF () %}
on the Riemann sphere, where P(z) is a polynomial of degree d and A € C*,
we completely characterize the local and global dynamics of this class of vector
fields, compute analytic normal forms for d = 1,2, 3, and show that for d > 3
there are an infinite number of topological (phase portrait) classes of RRe(X), for
X € &(d). These results are based on the work of R. Nevanlinna, A. Speisser
and M. Taniguchi on entire functions ¥ x.

Finally, on the topological decomposition of real vector fields into cano-
nical regions, we extend the results of L. Markus and H. E. Benzinger to
meromorphic on C vector fields X, with an essential singularity at oo € @,
whose \I/;(l have d logarithmic branch points over d finite asymptotic values
and d logarithmic branch points over co.
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1. INTRODUCTION

We consider singular complex analytic vector fields X, having local expressions
{f;(2)2} on a Riemann surface M (compact or not), admitting a singular set Sx.
The singular set Sx consists of:

e zeros, poles, isolated essential singularities and
e accumulation points of the above kind of points on M, for the sake of simplicity
we will call these essential singularities.

As brief terminology, analytic means complex analytic.

In order to describe the global structure of the real trajectory solutions of X,
consider the following naive question:
How explicitly can we globally describe a singular analytic vector field X on a Rie-
mann surface M ?

We use two main techniques. The first technique is the one-to-one correspon-
dence on M (respectively on (C,0) in the case of germs) between:

) Singular analytic vector fields X.

) Singular analytic differential forms wx, where wx (X) = 1.

) Singular analytic orientable quadratic differentials wx ® wx.

) Flat metrics gx associated to the quadratic differentials wx ® wx, with suitable
singularities, provided with a real geodesic vector field.

5) Global singular analytic (additively automorphic, probably multivalued) distin-

guished parameters

Ux(z) = /wa.

6) The Riemann surfaces R x associated to the maps Wy.

Which enables us to transfer results from one area to the others; see Lemma
for the detailed correspondence statement.

As far as we know, unifying (1)—(5) came from the idea of (local) distinguished
parameters of wx ® wx, see K. Strebel [66], pp. 20-21, where many of the geo-
metric and dynamical aspects encoded in meromorphic quadratic differentials are
described. The brothers Nevanlinna [53], pp. 298-303, A. Speiser [64] and M.
Taniguchi [67], [68] have studied the relationship between (5) and (6) for entire and
meromorphic functions. We look at the larger family of singular analytic objects,
where the study of the global nature of (5) and (6) brings new insight into the
description of vector fields.

The second technique is presented 3l We follow Riemann’s idea: “every compact
hyperelliptic Riemann surface M can be described as a ramified covering on the
sphere (E, where the placings and orders of the ramification values determine M”;
see [b1], Lecture I for this synthesis in the general case. Our assertion is:

“Buvery singular analytic vector field X on M (respectively on (C,0)) can be
expressed as the pullback, via certain singular analytic probably multivalued maps
Ux and Px, of the simplest analytic vector fields % or —w% on the Riemann

sphere C.”
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As a concrete answer to the naive question, one has that the following commutative
diagram holds true:

(M, X)
Uy O x

(@’ g) exp(—t) (@’ _wa%)’

where & x = expo(—Ux); see §8.2 in particular Remark 3.6l for the accurate state-
ment of the diagram. In the language of differential equations:

(1.1)

e X = \Il}(%) means that X has a global flow—boz, i.e. the local rectificability can
be analytically continued to M minus the singular set Sx.

e X = @}((—w%) states that X is the global Newton vector field of ®x. The
usual interest stems from the fact that Newton vector fields X have sinks exactly
at the zeros of ®x, and sources exactly at the poles of ®x.

Even in the case of univalued maps, by Picard’s Theorem, in the vicinity of an
isolated essential singularity of X the (a priori) local maps ¥x and ®x cover
C minus two points. Hence, the local complexity of X at an isolated essential
singularity on (C,0) must be studied using the global maps ¥ x and ®x. This can

be readily seen in the example of X (z) = ezd% where the essential singularity is

at oo € @
Given a germ (((C, 0), X ) of a singular analytic vector field with an isolated es-

sential singularity at 0, roughly speaking, we have the following analytic invariants
of X:

class p, taking values in NU {0, oo},

p-order, with values in R U {oc0},

residue and semi—residues (of the respective wy ), taking values in C,
configurations of critical and asymptotic values (of the respective Ux),

see #] and Corollary T8

We study local topological /analytical invariants of (((C, 0), X ) in §5l We convene
that the real trajectories of the associated real analytic vector field Re (X)) are to be
called trajectories of the singular analytic vector field X (the phase portraits of X
and Re (X) coincide). Recall that a germ of a real analytic vector field Z on (R?,0)
having one isolated zero, admits a decomposition in angular sectors: hyperbolic,
elliptic, and parabolic (see §5.1]), thanks to a classical theorem of A. A. Andronov
et al. (see [8], pp. 86, [37], pp. 144).

We propose complex analytic angular sectors; center C', hyperbolic H, elliptic
E, parabolic P and a new type of entire angular sector & (see Figure [3)) based upon
the entire vector field X (z) = GZ% at the point co € C. Using these new sectors,
a large family of germs of singular analytic vector fields X on (C,0), with 0 an
isolated essential singularity, admit a similar decomposition. Roughly speaking, a
germ X determines an admissible word whenever it has an associated cyclic word
Wy in the alphabet C, H, E, P, &, arising from the topology of the trajectories of
X at the singularity, diagrammatically (see (.15)):

(((C,O),X)'—)WX:W1W2~“W;€, WLE{C7H,E,P,(§)}.
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Essentially Wx is well defined modulo the relation E&H ~ & (see Remark B.I8).
The relation arises from to the ambiguity in the choice of representative for the
germ of X.

As a concrete example, recall that (((C, 0), X ) having a pole, a simple zero with
pure imaginary linear part or a multiple zero with zero residue determine the words

YO0 pw 29 .0 #2 pE ssa
Moz 0z 0z T
+ s—

An accurate description in the meromorphic case is in Table 2, §5. An example
with an isolated essential singularity on (@, 00) is
e 0
2d

see Example B.15]2.

Let h, e, p, € denote the number of hyperbolic H, elliptic E, parabolic
P and entire & angular sectors, respectively, in an admissible word Wx. In §0l
the Poincaré-Hopf index theory for fRe (X) is extended, starting from the classic

formula of 1. Bendixson, to vector fields with isolated essential singularities.

Theorem (A) (Local and global Poincaré-Hopf theory).

1) Let ((C,0),X) be a germ of a singular analytic vector field with an isolated
singularity at 0 and further suppose that X determines an admissible word Wy .
Then the Poincaré-Hopf index of X at 0 is

e—h+e

5 .

2) Let X be a singular analytic vector field on a compact M having a discrete set
of poles, zeros and isolated essential singularities determining admissible words
at each singularity, then

PH(X,0) =1+

X(M) =" PH(X,q).
qeM
Exploration of the conditions under which a germ of a singular analytic vector
field can be extended to a compact Riemann surface yields the following result.

Theorem (B) (Extension of vector field germs to compact Riemann surfaces).
Let (((C, 0), X) be a germ of a singular analytic vector field having a nonnecessarily
isolated singularity at 0.

1) There exists an extended singular analytic vector field X ona compact Riemann
surface My, for each genus g > 0, such that:
the germ of)A(: at some p € M is holomorphically equivalent to the germ X, with
X having an additional finite number of zeros and poles.

2) If, in addition, X determines an admissible word Wx, then there exists an
extended X on ((A:, having at most an additional pole and a finite number of
simple zeros.

3) If, in addition, X determines an admissible word Wx, having Poincaré—Hopf
index PH(X,0) = 2—2g, for g € NU{0}, and residue Res(wx,0) = 0, then there
exists an extended X on a compact Riemann surface My, of genus g, having
a) no other singularities on My = (E, when g =0,
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b) two new simple poles and no other singularities on My, when g > 1.

Where assertions (1), (2) and (3) correspond to Theorem [7I] Corollary and
Corollary [10.3] respectively.

In §8] we provide a complete answer to the problem, which was originally con-
sidered by K. Hockett and S. Ramamurti [34], of describing the families of vector
fields on (E,

0z

Explicit examples of X € £(d) are presented in Figures [0l [ 5] [6 and

It is natural to hope that vector fields in the family £(d) should have a description
as admissible words at (((A:, 00). In order to answer this, and to also analytically
classify the family £(d), in §83] we introduce the main global combinatorial object:
the d—configuration tree Ax associated to X € £(d).

Very roughly speaking, d—configuration trees are weighted trees with complex
parameters as their weights; compare with [65] and [54]. They provide an accurate

E(d) = {X(z) = )\ep(z)3 P(z) a polynomial of degree d > 1, A € (C*} .

~

description of the Riemann surface R x, as a ramified covering mx 2 : Rx — (C, %)
(see diagram (Z6])), by encoding the placement and ramification index of the ram-
ification points of Rx. The main results of this section are incorporated, without
all the technical details; see the following.

Theorem (C) (Analytical and topological classification of £(d)).

1) Singular analytic vector fields in E(d) are in one-to-one correspondence with
classes of d—configuration trees, i.e.

E(d) = {[Ax] ‘ Ax is a d—configuration tree} .
2) The normal forms in £(d)/Aut(C), for d < 3, can be given as follows:

0
For d=1, 625'
For d=2, I ez257 we Cx.
For d=3, p 6(*%Z3“’2’)2 pweC* pecC,

0z’
and in particular, the geometry of £(3)/Aut(C) is related to Airy’s function.

3) For d =1,2, there are exactly d topological classes of Re (X) for X € £(d).

4) For each d > 3, there are an infinite number of topological classes of Re (X) for
X e &(d).

5) A germ ((@,oo),X) is the restriction of X € E(d) if and only if co € C is an
isolated essential singularity and the admissible word Wx satisfies that
1) the residue of the word Res(Wx) =0,

2) the Poincaré—Hopf index of the word PH(Wx) = 2,
3) it has exactly e = 2d class 1 entire sectors &.

The correspondence of (1) through (5) and the text being: (1) with Theorem
[RI6l (2) with Theorem and §8.6.0] (3) and (4) with Theorem B3T] and (5)
with Corollary 0.1



132 ALVARO ALVAREZ-PARRILLA AND JESUS MUCINO-RAYMUNDO

From Theorem (C.5) it follows that not all admissible words arise from singular
analytic vector fields in £(d). Roughly speaking, the relationship between a germ
of a singular analytic vector field and the admissible word is that: half the number
€ of class 1 entire sectors & in the admissible word Wx corresponds to the 1-order
of the distinguished parameter Uy . This is the contents of Theorems and

Theorem (D) (Local realization and recognition of analytical invariants from

admissible words).

1) A germ (((C, 0), X) of a singular analytic vector field having an isolated essential
singularity at 0, and whose distinguished parameter ¥ x satisfies that \If)_(l has as
unique singularities d logarithmic branch points over d finite asymptotic values
{a;} C C; and d logarithmic branch points over oo, determines an admissible
word Wx composed of sectors of type H, E, P and &. In particular, there are
€ = 2d sectors of type &.

2) Every admissible word Wx in the alphabet C, H, E, P, & comes from a germ
(((C, 0), X) of an isolated essential singularity of a complex analytic vector field.

For e > 2, the distinguished parameter ¥ x satisfies that \IJ)_(1 has €/2 logarith-
mic branch points over €/2 finite asymptotic values and €/2 logarithmic branch
points over oo.

In §T1] Appendix, we recall that the topological decomposition of the phase por-
trait for real vector fields into canonical regions (spiral, annulus and strips), essen-
tially provided by L. Markus [47] for C! plane vector fields, has been enhanced by
H. E. Benzinger [10] to include the rational category. We extend these results to
the case of meromorphic vector fields on C with an essential singularity at co € @,
whose \Il;(1 have d logarithmic branch points over d finite asymptotic values and d
logarithmic branch points over co. See Corollary [[1.3l The reader is encouraged to
consult Table [ in §IT} it provides a quick reference to the canonical regions used
coherently throughout the work.

Naturally, the space of singular analytic vector fields, on (E, with an essential
singularity is extremely complex. As an example of this complexity, we look at
the class 2 vector field X (z) = e*e~¢" 6% (see Figures 2] and [B]) which also has an

isolated essential singularity at oo € C. With this example in mind, a new family
of angular sectors can be constructed. The theory presented here is not enough to
completely understand the class 2 case, except Theorem (B.1) which does apply and
Theorem (A) which applies with minor modifications. This could be the subject of
a further study.

The different categories in which we work: Our approach to singular analytic
vector fields uses different techniques. As an attempt to clarify where things are
going, let us recall that we are working in: the complex analytic category (X,
wx, Ux); the flat singular surfaces category (gx on M); the combinatorial and
topological categories (d—configuration trees Ay, admissible words Wy, topologi-
cal phase portraits classes of e (X)).

In particular, for the family £(d), diagram ([2)) shows some of the main rela-
tions between the combinatorial, analytical, topological and geometrical categories.
Here, {d—configuration trees [Ax]} means the space of classes of d-configura-
tion trees; the normal forms are &(d)/Aut(C); the quotient &(d)/Aut(C) x S*
means the space of classes of flat metrics {gx } up to orientation preserving isome-
tries; and the quotient £(d)/Homeo(C)T means the space of phase portrait classes
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of Me(X) up to orientation preserving homeomorphisms (see Definition B.I11).

1 £(d) 73 Ed)  ~ ﬂat~
&(d) Aut(C) Aui(C)xsT — | metrics
Uy’ gx
(1.2) ~ \ ~
vector
d—configuration normal ﬁg%cv = fields
trees [Ax] forms Re (X)

The following sources provided us enlightenment on many of the topics consi-
dered in the present work. We apologize in advance for our extremely brief and
necessarily incomplete list.

As far as we are aware, the roots of the geometrical study of differential forms
started in 1857 with B. Riemann: he distinguished differentials of the 1st kind
(holomorphic), 2nd kind (meromorphic, zero residues) and 3rd kind (meromorphic,
nonzero residues); see [58] pp. 96-97. Later on F. Klein implicitly described the
geometrical behaviour of trajectories of wx, see [43] pp. 1-9.

Modern treatises focusing on the trajectory structure of quadratic differentials:
J. A. Jenkins [39], K. Strebel [66].

Transcendental singularities of meromorphic functions and Riemann surfaces: R.
Nevanlinna [53], [54], M. Taniguchi [67], [68], W. Bergweiler et al. [12].

The point of view of differential equations (meromorphic vector fields): J. Gregor
[26], [27], O. H4jek [31], [32], [33], N. A. Lukashevich [46], L. Brickman et al. [14],
M. Sabatini [59], J. Mucifio-Raymundo et al. [50], D. J. Needhan et al. [52], E. P.
Volokitin et al. [(0], A. Alvarez—Parrilla et al. [4], A. Garijo et al. [24], B. Branner
et al. [13], E. Frias—Armenta et al. [23].

Partial versions of the correspondence (1)—(6): J. Mucino-Raymundo et al. [50],
J. Mucino-Raymundo [49], A. Bustinduy et al. [17], [18].

Modern explicit proofs of the normal forms for zeros and poles of vector fields
and quadratic differentials: J. A. Jenkins [39] ch. 3, J. Gregor [26], [27], L. V.
Ahlfors [I] pp. 111, L. Brickman et al. [14], K. Strebel [66] ch. III, A. Garijo et al.
[24].

The case of singularities for entire vector fields: K. Hockett et al. [34], A. Garijo
et al. [25].

Relations with discrete dynamical systems: S. Smale [63], M. Shub et al. [61],
H. E. Benzinger [10], H. T. Jonger et al. [40], A. Douady et al. [19], X. Buff et al.
[16].

Flat metrics: K. Strebel [66], R. Peretz [57], J. Mucifio-Raymundo et al. [50],
H. Masur et al. [48], J. Muciio-Raymundo [49], M. Kontsevich et al. [44], J. P.
Bowman et al. [15].

Graphs associated to global analytic functions: A. Speiser [65], R. Nevanlinna
[54], G. Elfving [22], M. Shub et al. [61], H. T. Jongen et al. [40].

Acknowledgment. The authors are grateful to the referee for detailed comments
and suggestions that greatly improved the exposition.



134 ALVARO ALVAREZ-PARRILLA AND JESUS MUCINO-RAYMUNDO

2. THE BASIC CORRESPONDENCES

2.1. Notation and conventions. The material covered in this section can be
found, for the meromorphic category, in [66], [50], [49]. Our present contribution is
to consider essential singularities.

C = C U {oo} is the Riemann sphere.

M denotes a connected Riemann surface, not necessarily compact.

Let {¢5:V; C M — C | j € J} be a holomorphic atlas for M.

We use the canonical orientation of the Riemann surface, in particular, all maps
between surfaces preserve orientation and paths that enclose points will have coun-
terclockwise orientation.

Let M be a C°° compact, oriented two manifold without boundary and let
q € M be a point. Consider a Riemann surface structure M on M\{q}. Then, ¢
is a conformal puncture of M when there exists a neighborhood V' C M of ¢ and
a biholomorphism ¢ : V\{q} — {0 < |z| < 1} C C such that lim,_,, ¢(p) = 0; or a
conformal hole when ¢ : V\{q} — {0 < e < |z] < 1}.

Definition 2.1. A singular analytic vector field on M,
0
x={neg | zea0n},

is a holomorphic vector field X (on M\Sx), with singular set S = Sx consisting of:
zeros denoted by Z; poles denoted by P; isolated essential singularities denoted by
E; and accumulation points in M of zeros, poles and isolated essential singularities
of X, so

SX:(ZUPUE)CM.

Recall that () denotes the closure in M, and every ¢ € Sx determines a conformal
puncture of M. We will define by
M?® = M\E, M = M\Sx,

M = M\(ZUE), M* = M\(PUE).
(M, X) denotes a pair, Riemann surface and singular analytic vector field.
((M,q),X) denotes a germ of X at g € M.
Sometimes it will be convenient to consider germs at a conformal puncture, thus
((M\{q},q), X) denotes a germ of singular analytic vector field X with ¢ € M
removed.

Remark 2.2. Due to the fact that the zeros of a vector field X on M are part of
the singular set of X, we will require that an isolated essential singularity of X be
a point ¢ € M where X is holomorphic at a conformal punctured neighborhood
V\{¢} and ¢ is not an accumulation point of zeros.

Example 2.3. 1. Let X(z) = sin(l/z)% be a singular analytic vector field on C.
Then, 0 € C is not an isolated essential singularity of X, even though it is an
isolated essential singularity of the function f(z) = sin(1/z).

2. A natural example of a singular analytic vector field determining a conformal
hole is

X(z) = <Z z2u> % on D(0,1) = {]z|] < 1}.

v=0
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The associated function f(z) converges on D(0,1) and diverges at the 2"-th
roots of unity.

From the local coordinate expression in Definition 2. as usual the complex
structure J on M is the automorphism of the real smooth tangent bundle Tr M,
locally given by

0 0 0 0
o) =a (@)= = a0

T’'M denotes the holomorphic tangent line bundle of the Riemann surface M. If we
provide Tp M with the complex structure from J, then we obtain an isomorphism
of line bundles (having fibers C) locally as

9 — — on ¢;(V5);

Or 0z S

see [42], ch. IX, [28], pp. 16-17, [T1], pp. 70-72. Following the naming in [4I], pp.
93 theorem 4.3, we have the real and imaginary parts of X:

(2.1) T:TeM — T'M,

0 0 0 0
(2.2) Re (X) = uy (x,y)a—x + v; (a:,y)a—y, Jm (X) == —v; (m,y)a—x —|—uj(a:,y)a—y.
Convention. By trajectories of a singular analytic vector field X, we understand
the real maximal trajectory solutions

{2(7) : (Tmin, Tmax) € R — MO} of 2(7) = Re (X)(2(7)).

2.2. Vector fields, differential forms, orientable quadratic differentials,
flat metrics, distinguished parameters, Riemann surfaces. Let X = {f;(2)
8%} be a singular analytic vector field on M. The associated singular analytic differ-
ential form wy is such that wx (X) = 1. Furthermore, a geometrical interpretation
is as follows. Slightly abusing notatio7 for every simply connected Vj C M’,

z
zZ0
sends small rectangles in V; whose sides are trajectories of Re (X) and Jm (X), to
euclidean rectangles in C;, whose sides are segments of horizontal and vertical lines,
respectively. One also notices that on V5 N Vg, ¥x j(2) = Uxx(2) + ajx for some
ajk S C.

A holomorphic analytic quadratic differential Q@ on M is orientable if it is globally
given as w ® w, for some singular analytic differential form w on M. We say
that Qx = wx Qwyx is a singular analytic orientable quadratic differential arising
from X, and hence obtain a holomorphic atlas {(V;, Ux ;)} for M as above. The
real foliation of % on C,; defines a horizontal foliation Fg, on M, whose leaves
correspond to the trajectories of Re (X).

Let gx be the flat Riemannian metric on M? defined as the pullback under ¥ x ;
of the usual flat metric on Cy, i.e. Wx; : (Vj,9x) — (C¢,6) are isometries. The
trajectories of Re (X) and Jm (X) are orthonormal unitary geodesics in (M?, gx).
By abuse of language, we will say in many places that (M°,gx) is induced by

(C.5) or (C. 5).

!Formally z, zo € ¢3(V5) so we should be using p = ¢;1(z) and pg = ¢;1(zo) in (Z3)). However,

since in most cases M = C we use z and zg.
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In quadratic differentials theory, Vx ; is a distinguished parameter near a regular
point for Qx = {dz?/(f;(z))?}; see [66] pp. 20.

It is to be noted that the distinguished parameter ¥x ; has the following joyful
properties: For z; and z5 in a sufficiently small disk where wy is holomorphic,
(2.4)

22
Wx j(22) = ¥x j(21) =/ wx =

{complex time to travel from z; to 29
z1

under the local holomorphic flow of X.
Moreover, if z; and zy belong to the same real trajectory of fRe (X), then

1 ti tot 1 fi t
(25) gx-length(zi53) = / oy = {rea ime to travel from z; to zy

zZ122

under the local real flow of X,

where Z17; means the geodesic segment in (M?, gx).
A natural concept when considering multivalued functions is the following.

Definition 2.4. 1. A global analytic function = is a collection of function elements
{25 : Vj € M — C.}, which are related by direct analytic continuation (see [2]
pp. 284).

2. Let =: M — C; be a global analytic function with a nondense countable singular
set S(E) C M, we say that Z is additively automorphic (see [I1], pp. 579) if given
two branches one has Z;(z) = Zx(2) + ajx, for aj, € Cy.

Since we are interested in working with global analytic functions with singular-
ities we shall emphasize this by using the term global singular analytic function
(map) Z, i.e. the function elements {(Vj,Z;)} of = which are holomorphic, a priori
do not determine an open cover of the whole M. When we need to emphasize the
singular set of Z, we shall denote it by S(Z).

Definition 2.5. The global distinguished parameter of X is the global singular
analytic additively automorphic function ¥y, obtained from direct analytic con-
tinuation of a fixed function element Wx , in {Ux ; | j € J}, as in (23).

The relationship between S(Ux), the singular set of the distinguished parameter,
and Sy, the singular set of the vector field X, will be discussed in §4.3] Table [l
Moreover, the graph of Wy,

Rx ={(z,1) | t = Ux(2)} € M° x C,

is the flat Riemann surface, obtained by analytic continuation. Note that the flat
metric (Rx, ﬂ}’z(%)) is induced by (C, %) via the projection mx o in the following

diagram:

TX 1

(M, X) (Rx: 7% 2(5))

(2.6) \ ‘ X2

Summing up we get the following result (first introduced for (1-4) in [50], [49],
for (5) in the rational case [17)], [I8] and now expanded to cover (6)).
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Lemma 2.6 (Basic correspondence). On any Riemann surface M there is a canon-
ical one-to-one correspondence between:

1) Singular analytic vector fields X, having singularities at Sx .

2) Singular analytic differential forms wx.

3) Singular analytic orientable quadratic differentials Qx .

4) Flat metrics gx, with singularities on a nondense countable set S C M, trivial
holonomy in M\S and a (real) geodesic unitary vector field Wx with singulari-
ties exactly on S. In fact, it must be true that S C Sx and Wx = Re (X).

5) Global singular analytic additively automorphic functions

(2.7) \IIX(Z):/ wy 1 M® — Cy,
Z0
where zg € M’ and z € M°.
6) The flat Riemann surface Rx associated to the global analytic additively auto-
morphic function V.

We will omit the sub-index X, when the context is clear.

Proof. (1)<(2)<(3). The correspondence follows from

0 dz dz?
i) = +— ——+— —5— z€¢;(V;) for V; C M\Sx;
see [B0] and [49]. The above determine holomorphic sections, on M\Sx: of the
holomorphic tangent line bundle 7'M (28], pp. 16); the canonical line bundle K,
([28], pp. 146); and the line bundle of quadratic differentials K s ® K s, respectively.

(2)<(5). Follows directly from the fundamental theorem of calculus: If ¥ x (z) =

fzzo wx is a singular analytic additively automorphic function on M?, then wy is

holomorphic on M*. However, for ¥ not additively automorphic the pullback of (‘%
via ¥ will not result in a well-defined vector field (and thus w = d¥ will not be a
well-defined differential form).

Note that ¥y is well defined on M°. Furthermore, a pole zg of X determines a
holomorphic critical point of ¥x.

(1)=>(4). Let X be a holomorphic section of T'(M\Sx) the holomorphic tangent
line bundle of M on the punctured M\Sx. Using Z~! in (1)), we recover the
real vector field Wy := e (X) as a section of the real smooth tangent bundle
Tr(M\Sx). Wx is a unitary geodesic vector field for the metric gx.

(4)=(1). We can reformulate the initial flat surface data in (4) as (Mo\So, go, Wo)
where My is a smooth oriented surface, So C M is a numerable set such that at
each p € Sy, My is locally diffeomorphic to R?\{0}, go is a smooth flat metric on
Mo\So, and Wy is a unitary geodesic vector field on M\Sp.

Since the flat metric has trivial holonomy and My is oriented, there exists a
well-defined counterclockwise /2 rotation map, say

Jp : TR’pMO — T]R,pM07 pe MO\SO7

on the real smooth tangent bundle of TR My, satisfying J, o J, = —Id. Using this
smooth complex structure, we have that (Mo\Sp, J) is a Riemann surface.

Moreover, J allows us to recognize the points in So = S UH C My, where S
denotes the conformal punctures and H the conformal holes.
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We recover the Riemann surface M in (1), by defining
M = (MO U Sa J)v

thus we disregard ‘H. In particular, if H # &, then M is necessarily noncompact.
In order to obtain a singular analytic vector field, recall [2.1),

T: TR(MO US) —T'M

is a Clinear isomorphism, [71] pp. 70-72. That is, in local coordinates the vector
field

0 0
Wj :’U,J(J,',y)%-f-’l)_-'(ﬂ?,y)a—y ZEQSJ(‘/J) fOI' ‘/} CMO\S,

considered as a smooth section of the real tangent bundle TR My, corresponds to
0 1/0 0
X; = fJ(Z)% = (uj(z,y) + V—1vj(z,y)) (5 (8—:5 - \/—1a—y>) .

Hence, Xj is a holomorphic section of the holomorphic tangent line bundle 7" (M\S);
see [28], pp. 17, [42], pp. 129, and proposition 2.11.

Finally let Sx = S and Wx = Re (X) = Wy

(5)<(6). Follows from the usual construction ([2] pp. 288) via direct analytic
continuation of Wy and diagram (2.6). O

A key observation that follows directly from diagram (26 is:
Lemma 2.7. The following assertions are equivalent for X a singular analytic
vector field.
1) mx 1 is a biholomorphism between (Rx,w}g(%)) and (M°, X).

2) Ux: M°— ((A:t s univalued.
3) The residues and periods of wx are zero, i.e.

(2.8) /wx =0  for every [y] € Hi(M',Z).

3. VECTOR FIELDS UNDER LOCAL AND GLOBAL MAPS
3.1. Pullback of vector fields by singular analytic maps.

Definition 3.1. Let X(z) = f(z)£ and Y(z) = g(2) 2 be two germs of singular
analytic vector fields on (C,0), let ¢ (¢, 2) and ¢4(¢, z) be their local holomorphic

flows, t € C.

1. X and Y are topologically equivalent (i.e. have topologically equivalent phase
portraits) if there exists an orientation preserving homeomorphism Y : (C,0) —
(C,0) which takes trajectories of Re(X) to trajectories of Re (Y) preserving
their orientation but not necessarily the real time parametrization.

2. X and Y are holomorphically equivalent if in addition Y is a biholomorphism
such that

(3.1) T(ps(t,2)) = @g(t, T(2)),

whenever both sides are well defined.

The global concepts (admitting singularities as in definition 2.1) are analogous.

Under the assumption that Y is a biholomorphism, (B8] is equivalent to X = T*Y".
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Remark 3.2. On Riemann surfaces, the following assertions are equivalent:

1. The singular analytic vector fields (M, X) and (N,Y") are holomorphically equiv-
alent via a biholomorphism Y : M — N.

2. There is an orientation preserving isometry Y : (M°, gx) — (N, gy) that takes
geodesic trajectories of e (X) to geodesic trajectories of Re (V) preserving their
real time orientation.

Lemma 3.3. Given a singular analytic vector field Y = {gk(t)%} on N and a
nonconstant, univalued, singular analytic map Y : M — N, the pullback vector field
X =T*Y is a singular analytic vector field well defined on M. In particular,

9e(Tix(25))
3.2 fi(zs) = ,
( ) J( J) Ték(z_])
where Ty = ¢oTopy !, Tl = T and {¢;: V; € M — C}, {¢ : Ux C N — C}

are charts of M and N, respectively.

Example 3.4. /I:Iolomorphz’c vector fields on the Riemann sphere. The holomorphic
vector fields on C are isomorphic to the Lie algebra ps((2,C). According to diagram
(1)), up to pullback by T(z) € PSL(2,C), we get two nontrivial families.

1. Y() = %, hence (C, gy) is isometric to the euclidean plane, provided with the
geodesic vector field %.

2. Y(w) = Mz, X € C*, hence Re (Y) has two centers if Re (A) = 0; one source
and one sink otherwise. (C*,gy) is isometric to a euclidean cylinder S; x R,
provided with the geodesic vector field, where p is the perimeter which will be

explicitly calculated in §5.71

3.2. Every singular analytic vector field admits a global flow box and is
a Newton vector field.

Proposition 3.5. Let X be a singular analytic vector field on M, the following
relations are fulfilled.
1) X = \Il*(%) for a (possibly multivalued) global singular analytic map V.

2) X = @*(—wa%) for a (possibly multivalued) global singular analytic map P.

Furthermore, % is the pullback via exp(—t) of —w% and we have the commutative

diagram (LI]).

Proof. For (1) consider the singular analytic map

(3.3) U(z) = / wx : M® —Cy,  z0€ M,
z0

applying Lemma [3.3] for (@, 8%)' Moreover, ¥ is univalued if and only if the periods
and residues of wx are zero; see Lemma 2.7]
Analogously for assertion (2) use Lemma [3.3] and the singular analytic map

(3.4) D(z) = exp ( - /Z wX) t MO\U ! (00) — Cow, 20€M,

for (((A:, —wa%). ® is univalued if and only if the periods and residues of wx are
integer multiples of a suitable II € C*, i.e.

(3.5) nll = /wX for every [y] € Hi(M',Z) and n € Z. O
vy
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Remark 3.6. We abuse notation in diagram (I1]) by saying that:

1. The domain of ¥ is M, when in reality it should be M? for W.
2. The domain of exp(—t) is C¢, when in reality it should be C;.
3. The domain of ® is M, when in reality it should be M*\¥~!(c0) for ®.

Thus, strictly speaking, the diagram ([LT]) commutes whenever the analytic contin-
uation of the maps ¥ and ® is well defined.

Remark 3.7. The vector field X obtained as a pullback via ® of —wa% is known
as the Newton vector field of the map ®. These have been extensively studied in
several contexts; see [62], [6G3].

In particular, following H. E. Benzinger [10], who did it for the rational case,
we extend his results to the singular analytic category and show that the function
® provides a scheme for visualizing singular analytic vector fields X. Following
Smale’s original idea, along a trajectory z(7) of X one has that

O(z(1)) = P(29)e™ 7, forall T €R,

hence h(z) = arg(®(z)) is a first integral of fRe (X). This technique is used to
visualize the examples given in this paper (see [3], [4], [5] for further details).

Example 3.8. On the torus M = C/(Z @ 7Z), where as is usual Jm (1) > 0,
every elliptic function f(z) determines a meromorphic vector field X (z) = f (z)%.
Moreover, X is a Newton vector field; see [4].

Example 3.9 (The exponential vector field on ((A:) The entire vector field with an
isolated essential singularity at co € C,

0
X(z) =€ "4
()=,
is obtained as the pullback via ¥(z) = —e* from the vector field %. Note that

U determines an infinitely ramified cover of @t with the minimal number of ram-
ification values, hence let us recognize X as the simplest vector field having an
isolated essential singularity. On C,, PRe (X) determines a two—dimensional Reeb
component on each strip {27k < Im (2) < 2w(k + 1)} for k € Z. See Figure[ll

z 0
0z?

the origin, (b) in the vicinity of co € C. See Example 3.9

FIGURE 1. Phase portrait of X(z) = e (a) in the vicinity of
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Example 3.10 (Class 2 essential Singularityﬁ on C). The entire vector field

e

X(z) =¢€%e o

is the pullback via U(z) = e ® of 6@. It has an isolated essential singularity at

[
oo € C. See Figure 2L

12}

FIGURE 2. Phase portrait of X(z) = e*e~¢" 5, in the vicinity of
oo € C. See Examples [3.10] and

2We define the class p of a vector field in 4.1} see also Example
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4. VECTOR FIELD ANALYTIC INVARIANTS

4.1. Class, p—order and type at an isolated essential singularity. According
to the basic correspondence (Lemma [Z0]), singular analytic vector fields are related
to global singular analytic additively automorphic functions of the form {¥Ux ; =
J(dz/f;)}, hence it will be convenient to examine, and extend to vector fields,
certain analytic invariants of functions.

In the usual literature, the class, order and type (of growth) is defined for entire
functions; see [I1]], pp. 352, [53], ch. 8, [60], ch. 3. As far as we know, A. Garijo et
al. in [25], were the first to use the order of growth for vector fields.

Let ¢ : (C\{0},0) — C be a germ of a complex analytic function with an isolated
singularity at z = 0; i.e. ¥ has a pole, or an isolated essential singularity at the
origin. We can define for € > 0,

M () = max{log v (2)[}
and
T, for p =0,
log,(z) = < log(log(- - -log(z)---)), forpeN.

p-times

Let 1 be as above, we say that:
1) @ is of class zero (at 0) if

M,
lim sup M) < 0
e—o  —log(e)
(note the choice — log, since £ — 0).
2) 1 is of finite class p € N (at 0), denoted by p—class, if p is the smallest natural

such that
: log, (M (v))
limsup ———————
e—0 —log(¢)
3) 9 is of nfinite class (at 0) if no such natural number p exists.
4) For 1) of class p € NU {0}, the number p, € R determined by

: log, (M. (v))
Po(¥) hrglj(l)lp ~oe(@)
is called the p-order of growth of ¢ (at 0) when py()) > 0 or the p-order of
vanishing of 1 (at 0) when pp(¢) < 0.
5) For functions of class p and nonzero p-order of growth p, # 0, we also have the
concept of p—type 7, defined as

For convenience of notation we shall allow p, to be 00 when needed. We can now
extend the above concepts to germs of vector fields and differential forms.

Definition 4.1. Let ((C,0), X (z) = f(2) %) be a germ of a singular analytic vector
field, with 0 an isolated singularity of X. We say that:

1. X is of class zero if f is of class zero.

2. X is of class p if f is of class p.

3. X is of infinite class if f is of infinite class.
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4. For vector fields X of class p, the p—order of X is the corresponding for f, i.e.
Pp(X) = pp(f)-
5. Similarly, for the p-type of X we have 7,(X) := 7,(f).
Analogously, if wx(z) = dz/f(z) is a germ of a differential form with 0 an
isolated singularity of wy, then wx inherits the class, order and type from that of
the function 1/f.

Remark 4.2. 1. The definitions of class, order and type of X make sense even in
the case when 0 is an accumulation point of zeros for a vector field, respectively,
an accumulation point of poles for the differential form wx.

2. These definitions are invariant under conformal change of coordinates so they
make sense for X on a Riemann surface.

Example 4.3. Let X(z) = z"g(z)% be a germ on (C,0), with g holomorphic at
0 such that ¢g(0) # 0 and n € Z, then X (z) is of class 0 and

po(X) = —n,

i.e. for finite class zero, the 0—order corresponds to the negative of the usuafl order
of a zero or pole.

For X an entire vector field, on C, the interesting growth is at infinity. From the
above definitions we recover (through the change of variable z — 1/z for (E), the
usual theory for entire functions and growth at co € C. For example, let f be an
entire function, the respective X (2) = f(z)-Z is of finite class p € N at oo € C, if

0z
p is the smallest natural number such that

L log, (L)
lsﬁsolo}p log(e)

Example 4.4. Let X(z) = ep(z)ai where P(z) is a polynomial of degree d. Then

2
at oo € C, X is of class 1 and its 1-order p;(X) = d. We will further study the
family comprised of these vector fields in §8

Example 4.5. Consider the entire vector field of Example 310, X (z) = e*e~®" %
at co € @, it is of class 2 and its 2—order of growth is

o log, (M (f)) _
p2(X) = hIglj(L)lp oge) 1.
Example 4.6. If
0
X(z) =exp (exp(-- - exp (g(z)) )) 5
p-times

for g an entire function of class zero, then the respective X (z) is of p—class at z = co.
We have that

pp(X) = po(9)-

In the global case M = ((A:, for entire vector fields, without zeros, the comparison
between X, and the respective wx and ¥y is simple:

3In the sense of L. V. Ahlfors [2] pp. 29, 30.
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Lemma 4.7 (Order of growth of distinguished parameter). Let X(z) = f(x)% be
an entire vector field on C without zeros, having finite class p € N, and let wx, Ux
be the associated differential form and distinguished parameter, respectively. Then
for co € @; the class of X, Wx and wx agree. Moreover, when either X, Ux or
wx s of finite class p, then

— (p-order(X)) = p-order(Vx) = p-order(wx),

p-type(wx) = p-type(¥Yx).

Proof. Note that X has an isolated essential singularity at infinity, wx is an entire
differential form and ¥x is a univalued entire function. ¥’y gives the expression of
wx and X = (1/\11’)()%. The class, order and type of an entire function ¥x and
those of its derivative coincide; see [1I], remark 4.5.2. Moreover, 1/¥ is without
any zeros and of finite order, again following [11], remark 4.5.2; f = 1/U/; is of the

same class and order as that of U x. O

4.2. Residues and semi-residues. Let ((C,0), X) be a germ of singular analytic
vector field having a zero or isolated essential singularity at z = 0. The residue of
X is
1
Res(X,0) := Res(wx,0) = —,/wx,
2mi J,

where 7y is a simple closed counterclockwise oriented path that encloses the origin.

Definition 4.8. Let X be a singular analytic vector field on a Riemann surface
M. The semi-residue associated with a pair of singularities zj,z;, € Sx\Z of X is

S(W,Zj,2k7’}/) :/an
ol

when it is finite, where + is a simple path that starts at z;, ends at z (i.e. v does
not enclose; zeros, poles, essential singularities or accumulation points of them).

Note that we mainly use the case z; # zi; the pair of singularities z;, z;, could be
two poles (related to saddle connections, homoclinic, heteroclinic trajectories; see
[13], [23]), a pole and an isolated essential singularity or even an isolated essential
singularity of 1-order greater than 1, see for instance (83)).

The semi-residue S(w, zj, 2x,7), can be interpreted as the relative position,
Ux(zk) — ¥x(z;) € Cy, in the metric gx between the ramification values ¥x(z;)
and \I/X (Zk)

Moreover, they are of interest in the local scenario when the germ ((C,0), X)
has an accumulation point of poles. In this case, the collection of semi-residues
will be an infinite set, and a local invariant will be the tail end of the set. The
semi-residues will also play a central role when studying the vector fields of the
form e (Z)aﬁ; see §8.11 Figure [T Theorem and Theorem [R.311

z

Example 4.9. Semi-residues and saddle connections. Let X be a singular complex
vector field on M, such that the flat metric (MY, gx) contains an open maximal flat
cylinder S} x (0, h), of perimeter p and finite height h > 0 (also called finite height
annulus ﬂow@). Two families of vector fields X with this property are as follows.

4This notation follows the classical concepts of L. Markus; see [47] and TableBlin 1] Appendix
for more details.
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i) If X has only poles on a compact Riemann surface My of genus g > 2, then
gx has cylinders of this type; see [66] §21 pp. 107 and [48] lemma 1.6.

~

ii) Certain rational vector fields X on C have cylinders of this type; see [50].

For these two families, on each boundary component of the closed cylinder S; X
[0, h] C M there is at least one pole of X; say z; € S; x{0}, z, € S; x{h}. Moreover,
there are an infinite number of geodesics 7, in S; x [0, k], having extreme points
2;, 2, nonhomotopically equivalent as paths between z; and zj (see [50] proof of
theorem 3.2). Whence, (M?, gx) has an infinite number of semi-residues,

S(wX,Zj,zk,’yn):/ wx, n€E.

n

The geodesics {7,} correspond to saddle connections of suitable rotated vector
fields {€"9Re (X)}; see [50].

4.3. Asymptotic values. For meromorphic functions in the classical setting,
asymptotic values appear in many instances (see [35], pp. 66, [53], pp. 298-303).
We follow W. Bergweiler et al. [12], essentially verbatim from Definition to
Example £.15] below.

Let U: C, — ((A:t be a meromorphic function, a priori not related to some vector
field. The inverse function ¥~! can be defined on a Riemann surface which is
conformally equivalent to C via ¥~!. We want to study the singularities of ¥~1.
This can be done by adding to C, some ideal points and defining neighborhoods of
these points.

Definition 4.10. Take a € C; and denote by D(a,r) the disk of radius r > 0 (in

the spherical metric) centred at a. For every r > 0 choose a component U(r) of the

preimage ¥~1(D(a,r)) in such a way that r; < ro implies U(r1) C U(rs). Note
that the function U : r — U(r) is completely determined by its germ at 0. Two
possibilities can occur:

1. N,soU(r) = {20}, 20 € C.. Then a = ¥(zp). If a € C; and ¥'(2) # 0 or if
a = 0o and 2z is a simple pole of ¥, then zq is called an ordinary point. If a € C,
and ¥'(z9) = 0 or if a = oo and zg is a multiple pole of ¥, then zj is called a
critical point and a is called a critical value. We also say that the critical point
zg lies over a.

2. (,50U(r) = @. Then we say that our choice 7 — U(r) defines a transcendental
singularity of U~!. We also say that the transcendental singularity U lies over
a. For every r > 0 the open set U(r) C C, is called a neighborhood of the
transcendental singularity U. So if z, € C,, we say that z; — U if for every
€ > 0 there exists ko such that z, € U(e) where k > ko.

Definition 4.11. If U is a transcendental singularity, then a is an asymptotic value,
which means that there exists a path o C C tending to oo such that ¥U(z) — a as
z — 00, z € a. Such «a is called an asymptotic path of a;.

In particular, it follows that every neighborhood U(r) of a transcendental singu-
larity U is unbounded. If @ is an asymptotic value of ¥, then there is at least one
transcendental singularity over a.

Certainly there can be many different transcendental singularities as well as
critical and ordinary points over the same point a. We remark that if ¥ is a
meromorphic function and D C (Et contains no critical or asymptotic values then
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U : UY(D) — Disacovering. This justifies the name “transcendental singularities
of U—17,

The following classification of asymptotic values is due to F. Iversen [3§], al-
though the connection between asymptotic values of ¥ and transcendental singu-
larities of U1 was stated by A. Hurwitz [36].

Definition 4.12. A transcendental singularity U over a is called direct if there
exists 7 > 0 such that U(z) # a for z € U(r) (then this is also true for all smaller
values of 7). A transcendental singularity U over a is called indirect if it is not
direct, i.e. for every r > 0 the function ¥ takes the value a in U(r).

In the case of an indirect transcendental singularity, the function ¥ takes the
value a infinitely often in U(r).

Definition 4.13. We say that U is a logarithmic branch point over a if ¥ : U(r) —
D(a,r)\{a} is a universal covering for some r > 0. The (unbounded) neighborhoods
U(r) are called exponential tracts.

Example 4.14. The simplest case of a direct transcendental singularity is a loga-
rithmic branch point. If ¥(z) = exp(z), then its inverse, the (multivalued) function
U~1(t) = log(t) has two logarithmic branch points: one over 0 and another over
oo. Of course 0 and oo are asymptotic values of ¥ and, for R > 0, Up(R) =
{z | Re(z) < R} and Uy (R) = {2z | Re(z) > R}, are exponential tracts for the
asymptotic values 0 and oo, respectively.

Example 4.15. A simple example of an indirect transcendental singularity is given
by the inverse function of ¥(z) = sin(z)/z. Note that, the asymptotic value 0 is a
limit point of critical values.

In §5] §6land §7 we will be interested in applying some of the above definitions to
germs ((V\{q}, q), \I/X) of the distinguished parameter ¥y, associated to a singular
analytic vector field X on an arbitrary Riemann surface M as in diagram (26,
where ¢ will be an isolated singularity of Wx.

As a first observation, note that if ¢ is an isolated essential singularity of X, then
q is an isolated essential singularity of Ux and there is at least one finite asymptotic
value of W x associated to q.

Example 4.16. Consider X(z) = €*Z, hence Ux(z) = [, wx = 1 — e~ has
asymptotic values 1,00 € C. (see §5.3.0] for full details). Of course ¢ = co € C, is
an isolated essential singularity of X and also of ¥x. The (multivalued) function
U (t) = —log(1 — t) has two logarithmic branch points: one over 1 and the other

over oo.

Our second observation is that poles of X correspond to critical points of ¥ x.
The case of zeros of X is more involved: When ¢ is a zero of X, we need to
consider the associated differential form wx .

i) If Res(wx,q) =0, then Ux is univalued and ¢ is a pole of Wx.

ii) If Res(wx,q) # 0, then Ux is multivalued and additively automorphic. In
this case either ¢ is a simple zero of X so ¥y has a logarithmic branch point
over ¢ (the logarithmic branch point is of ¥ x, not of \I/)_(l)7 or ¢ is a multiple
zero of X in which case ¢ is a pole of Ux.

The reverse implications are straightforward using Laurent series.
The above is summarized in Table [l
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TABLE 1. Relationship between X and ¥x in terms of their sin-
gularities and values.

Behaviour of X Behaviour of ¥ x
in a neighborhood of ¢ in a neighborhood of ¢
q is a pole of X q is a critical point of Uy
q is a simple zero of X U x has a logarithmic branch point over ¢
(so Res(wx,q) # 0) and ¥y is multivalued and additively automorphic
q is a multiple zero of X q pole of ¥ x:
Res(wx,q) =0 ¥y is univalued,
Res(wx,q) #0 ¥ y is multivalued and additively automorphic
q is an isolated q is an isolated essential singularity of ¥ x
essential singularity and there exists at least one finite asymptotic
of X value a € C of Uy associated to g

Thus, the singular setdd S(Ux) # Sx, since P, the set poles of X, does not in
general correspond to a singularity of Wy, and the set of zeros of Uy does not in
general correspond to a singularity of X. However, ZUFE C S(¥x).

.3 ~
Example 4.17. Consider X(z) = =5—-2 on C., note that X has poles at

323—10z
{3%/5, %, %\2/3} On the other hand a simple calculation shows that

z
Ux(2) :/ wx = —ze7%,
0

.. . . .. 1 _ei27r/3
so the poles of X are critical points of ¥y with critical values { e T Tae

e—i2n/3
V3e
oo € C, and a; = 0 is its (finite) asymptotic value with multiplicity 3, with the
exponential tracts given by
Ay ={zeC|arg(z) € [-7/6,7/6] },
(4.1) Ay ={z € C|arg(z) € | 7/2,57/6] },
As ={z € C|arg(z) € [Tr/6,37/2] }.

See Figure 2Ilb for the phase portrait.

}. Thus, S(¥x) # Sx. Also, X has an isolated essential singularity at

As a summary of the material presented in this section we have.

Corollary 4.18 (Local and global invariants). Let X be an analytic vector field on

a Riemann surface M, having an isolated singularity at q, numerable critical and

asymptotic values of ¥x. The following are analytic invariants of X :

1) Finite or infinite class, order of growth, order of vanishing for ((M,q), X).

2) Residues for ((M,q), X).

3) Semi-residues for (M, X).

4) Configuration of critical and asymptotic values of Ux modulo translations, for
(M, X).

As a prelude of the argument in part (4), we introduce an illustrative family.

5Recall Definitions 21 and [Z41
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Example 4.19. Pullback vector fields on hyperelliptic Riemann surfaces. Let M
be a hyperelliptic compact Riemann surface of genus g > 1, i.e. M is provided
with a meromorphic function W : M — C; of degree 2; see [51]. Let U(g;) =
{a;} ={a1,...,a2442} C C; be the critical values of W. It is well known that the
configuration of critical values up to PSL(2, C)—action, determines the hyperelliptic
(M, W); see [7], pp. 388, and [51], Lecture I

For a moment we assume that co # a;, and furnish the target with (((Aj, %)

Let X = \I'*(%) be a meromorphic vector field on M, whose singularities Sx are
2g + 2 poles of order —1 at {g;}, and 2 zeros of order 2 at {p,} = ¥~'(cc). Thus,
(M, W) determines (M, X) and Corollary 183 holds.

Moreover, the configuration of critical values {a; } is a complete analytic invariant
of (M, X).

Let (M, X),(N,Y) be two pullback vector fields on hyperelliptic surfaces. As-
sume that there exists a biholomorphism Y : M — N with T,X =Y. We shall
now prove that the critical values {a},...,a5,, o} of ¥y coincide with the critical
values of ¥ x up to a global translation T : C; — C;.

If Wx ;: Vj = C, is a local biholomorphism with Wx j(qo) := to € C;, then from
the diagram

V,c M X N
(4.2) Uiy Uy
Ux,;(V3) C C Cs
the map Ty := ¥yxoTo \Il;{lJ is the restriction of a translation {z — z + b}

in (((A:, %). The analytic continuation T" of Ty is well defined for every path v C

((Ajt\{aj} (without loss of generality, we assume that there are not three points
to, aj,ag in a straight line of C;). Consider the semi-residues

S(wx,qo,q5,75) =/ wx = a; — to,
3

where 75 is any of the two components in the inverse image ¥~ (fpa;) C M, of the
oriented straight line segment toa;.

The analytic continuation of T' along the union of paths UjTaj - (Et, is the
restriction of a translation.

Under T the configuration of critical values of Wy coincide with the critical
values of ¥x, as in Corollary EI84. The case a; = o0, is left as an exercise for the
reader.

Proof of Corollary BE18l4. Let (M, X) be the vector field and its global ¥x. The
configuration of critical and finite asymptotic values {a1, az,...} C C is a numerable
set. There exist a regular value tg = Wx ;j(qo) such that there are not three points
to,aj,ae in a straight line of C;. Then we consider the analytic continuation 1" of
the a respective Tjx, analogous to (4.2), along the union of paths Ujﬁ c C,.
Using arguments as in the example, the conclusion follows. O

The following examples show that the numerable hypothesis is needed, and that
the set of critical values of ¥ x is not a complete analytic invariant of X.
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Example 4.20. W. Gross constructed examples of analytic functions having dense
sets of critical and asymptotic values (see [29], also [63], pp. 287), hence the nume-
rable assumption in Corollary [£1§] is necessary.

Obviously, for compact M and (even in the case of) a meromorphic map ¥y,
the set of critical values does not determine M (and by consequence X = Wk ().
Roughly speaking, G. V. Belyi [9] showed that nonsingular algebraic curves M are
defined by polynomials having algebraic number coefficients if and only if M can
be expressed as a ramified covering having only {0, 1,00} C C as critical values.

5. ANGULAR SECTORS AT AN ISOLATED ESSENTIAL SINGULARITY

5.1. Angular sectors of vector fields in the real analytic category. Very
roughly speaking, let ((R2,0),7) be a real analytic vector field germ having an
isolated zero at the origin, and let F be its associated singular planar real analytic
foliation. Sometimes the local behaviour of F can be described by using hyperbolic,
elliptic, parabolic (real analytic) angular sectors, prototyped from the vector fields

1) Zh:x%—y% on {(z,y) |0<z,y<l1, zy<1/2},
2) Ze = (2° = 3uy”) & + 32y — )5 on{(zy) [ 0<zy <1, 2®+y® <1},
3) Zp:x%+ya% on {(z,y) | 0<z,y <1, 22 +4y? <1},

respectively. The three left drawings in Figure @] give a topological representation
of these kinds of angular sectors. The following nice result is well known.

Theorem 5.1 (A. A. Andronov, E. A. Lentovich, I. I. Gordon, A. G. Mayer, F. Du-
mortier). A singular planar real analytic foliation F on (R%,0) with a characteristic
trajectory admits a sectorial decomposition into finitely many sectors, hyperbolic,
elliptic and/or parabolic, separated by characteristic trajectories.

Roughly speaking, a characteristic trajectory of F accumulates to the origin
with a well-defined slope. See [0], ch. VIII, [§], pp. 86 and [37], pp. 149 for precise
statements and sketch of the proof.

5.2. Angular sectors C, H, E/, P, & of vector fields in the complex analytic
category. We want to consider a singular analytic vector field germ (((C,O), X ),
having an isolated singularity at 0. Let us introduce the following conventions.

Consider the closed upper half-plane ﬁi = {z | Jm(z) > 0} U{oo} C C, or
the lower half-plane Ez_ for Jm (2) < 0; any of them is called " Moreover, H is
provided with the singular flat metric inherited from (@, 6%)' For ¢ = 0 or ¢ in

the boundary R U {oo} of ﬁz, the pair (ﬁ2, q) denotes a domain for germs.
Let v = v1 +ivy € C\R be a number and Ov C C the corresponding straight line
segment. When v, < 0, v determines a horizontal right strip

S, ={z€C | vy <TIm(z) <0, Re(z) > the respective z € Ov} U {co}
or horizontal left strip, when vy > 0,
S, ={2€C|0<TIm(z) <vy, Re(z) < the respective z € Ov} U {oc}.

We provide each strip (S,,00) with the singular flat metric inherited from ((E, %).
Note that S, is a pair, a Riemannian manifold with boundary and a displacement
number v.
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Definition 5.2. Let ((A,¢q),X) be a representative of a germ of angular sector
modelled on:

1. A center Car/n, = ((C,0), Z'/\QZ%), for iy € iR*.

2. A hyperbolic sector H= ((Ez,O), %)

3. An elliptic sector E= ((ﬁ2, 00), %)
9
0z

4. A parabolic sector P, =((S,,0), Z), for veC\R.

5. A class 1 entire sector & = ((ﬁz, oo), ez%).
Here, EQ denotes an upper or lower half—plane.

We will omit the sub-index in Cay/y,, P,, when the context is clear. The
geometric meaning of 27/Ay and v will be explained in (5.0).

5.3. Attributes of the angular sectors. By simple inspection we note that germ
representatives in Definition enjoy the following features.

1) (A,q) C C. is a Riemann surface with boundary
OA={q}Uoy UyUos.

Here, v will be a piecewise C! path (which will have to coincide with a trajectory
of Me (X) only in the center case Csy )y, ).
Moreover, ¢ = 0 in the center Cy./y, or hyperbolic H cases, ¢ = oo otherwise.
2) The path {q} Uo1 U~ U oy is oriented in the counterclockwise sense (A has a
canonical orientation).
3) The distinguished parameter ¥ : ((.A7 q), X) — (@, %) can be chosen as below:
for Cyr/x, as a (multivalued) logarithm;
for H, E, P, as the identity ¥(z) = z;
for & as U(z) = foz e~ ¢d¢, we will explore this in §5.3.11
4) In cases different from a center Csy »,,

o (r): I, — A\{q}, ¢=1,2,

are trajectories of Re (X), where Z, = (Tmin, Tmax) C R is the maximal interval
of definition. The a or w-limit of o,(7) is g.
01,02 will play the role of characteristic tmjectom’esﬁ (analogous to Theorem
ET).
5) The maximal intervals of definition Z;, Z, satisfy the following:
for H, both Z;, Zy are bounded (i.e. finite) intervals in R;
for E, P,, both Z;, Z5 are unbounded intervals;
for &, exactly one Z, is a bounded interval, equation (5.2]) will show this.

The class 1 entire sector & is more elaborate.

6 This concept of characteristic trajectory is weaker than that of A. A. Andronov et al. since
our characteristic trajectory can be a spiral trajectory at the singularity. Since we are dealing only
with isolated essential singularities (((C, 0), X ), in @t there are always horizontal trajectories that
arrive to oo € @t, by pulling back via ¥ we obtain a characteristic trajectory o for (((C,O),X).
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5.3.1. Class 1 entire sectors & = ((ﬁ2,oo), eza%). We make two different choices

for the representative (A, c0), (A',00) C (EZ, o0) of this germ, the second will be
invariant under Re (eZ%). Both representatives will appear in different situations
along the work.

First representative: Let A C Ei be a sector in the upper half-plane, as in the
left-hand side of Figure B (for the lower half-plane, details change in an obvious
way). The distinguished parameter is

(5.1) Uz)=1—e*= /Z e d¢ : A—Cy.
0

As characteristic trajectories, we use

o1(1) = —log(—7) : (00, —3)] = A, with (co, —log(3)] being its image, and

o2(1) = —log(—7) : [-1,0) — A, with image [0, 00).

Both images under ¥ are inside of RU {oco} C C;. The respective times it takes for
a characteristic trajectory to reach the singularity oo € A of the vector field are

—log(3) 400
(5.2) / e %d¢ =00, and / e %d¢ = 1.
0

— 00

Let v = 41 U7 be in the boundary of A, here; 7 is a path that starts at —log(3)
and ends at i7 and 75 is the vertical segment from i to 0; they determine the germ
representative A C ﬁi; see left drawings in Figure Bl It is to be noted that this
choice of v in the boundary of A is highly nongeneric in the sense that it is touching
one of the horizontal homoclinic trajectories, {Jm (z) = ikw, k € N} when viewed
from 0, with endpoints at co € A. Homoclinic means it is a trajectory which joins
oo to itself. However, as will be shown in Remark 5182, v can be deformed inside
A so as to obtain a path as the one just described.
The image of the boundary of A, ¥(oq Uy Uy Uos) C ((A:t with the orientation
inherited from o1 Uy, U~ U og, is as follows:
(1) = (00, —2);
I’y = ¥(y1) is an arc of a circle centred at 0 starting at —2 and ending at 2;
Iy = U(y2) is an arc of a circle centred at 1 starting at 2 and ending at 0;
U(oy) =[0,1);
see right drawing in Figure Bl

Definition 5.3. 1. Let I' = I'; UT'y be any simple piecewise C! path in ((C, 8%
parametrized by I'; : [r1,72] = Cy, I : [12, 73] = C4, where I'1(12) = I'y(12) =
Zo + 1Yo-

I bounces off (the horizontal trajectory {t | Jm (t) = yo}) if:
a) the endpoints t; = I'(7;), 7 = 1,2, 3, have the same imaginary part yo and
either Re (¢1), Re (t3) < Re (t2) or Re (t1), Re (t3) > Re (t2);
b) T is contained in the same upper/lower half-plane {t | Jm () > yo} (resp.
9).

2. Analogously, given a local parameter ¥y as in §2, a path 7, in the domain of

Wy, bounces off iff its image Ux (v) in (C, %) bounces off.

The concept of “bounce off” will enable us to recognize the presence of entire
sectors in 0
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Note that the path v U~ bounces off the horizontal homoclinic trajectory that
contains i and its image I'1 UT's bounces off the horizontal trajectory (in C;) that
contains 2.

The discontinuity in the image of ¥(o2) U ¥(01), i.e. the jump from 1 to —oo,
is due to the fact that ¥ has two asymptotic values:

(5.3)  lm U(oy(r))=oc0eC; lim U(op(r)=1€C; TER.

The second asymptotic value 1 is not intrinsic, however the fact that it is finite is
intrinsic. The reader can verify the coherence of Figures [I] and Bl

Second representative: We make the choice A" = {z | kw < IJm(2)}, see the light
grey disk in the bottom left drawing, Figure Bl A’ is invariant under fRe (GZ%),
whence 71, 72 have reduced to a point.

A remarkable property now becomes apparent: ¥ : A" — @t in (B.J), determines
a “half-logarithmic spiral”, whose description requires two preliminary concepts in
the general framework.

Definition 5.4. A semi-infinite helicoid is a Riemann surface with boundary ob-
tained from a semi—infinite succession of halffplanesﬁl

=2 =2
HiUHiU...

glued together along their boundaries as is usual in the graph of z — exp(z). Ana-
logously, a finite helicoid is obtained with an even finite succession of half-planes

HiU...U ﬁi
glued similarly, here ﬁi means (ﬁi, %).

For the readers convenience, the glueing alluded in the definition will be made clear

in Corollary G111
Referring to the top left and right drawings in Figure [, for each horizontal strip

0
(5.4) By = (({z |k < Jm(2) < (k + 1)w},oo),e2&) cA, k>1,
its image WU (By) is a lower half-plane ﬁz_ when k is odd or an upper half-plane Ei_
when £k is even.

Definition 5.5. Let ¥ be as in equation (B10), a half-logarithmic spiral associated
to the asymptotic values a = 1,00 is the Riemann surface of

0
U . B .
U K — ((C ,8t>
k>1
Remark 5.6. Note that a semi—infinite helicoid is the same Riemann surface as

a half-logarithmic spiral, however, they arise from apparently different contexts;
the semi-infinite helicoid arises from the isometric gluing of a succession of half-

planes (ﬁi, %), and the half-logarithmic spiral arises as the Riemann surface of

(ﬁi, e* %); see Table [ in §I1] Appendix.

"This notation follows the classical concepts of L. Markus for phase portraits of real vector
fields; see [47] and Table Blin §II] Appendix for more details.
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F1cURE 3. Class 1 entire sector. The sector & = ((EQ, oo),eZ%),
is illustrated viewed from 0 (left upper drawing) and from oo (left

bottom drawing) in ﬁi The right drawing describes its ima-
ge U(A). The path v = 3 U~ is chosen so that its image
U(v1 Uve) = T'y UTy determines two semi—circles, and it bounces
off the horizontal trajectory {Jm (¢) = 0} that contains the finite
asymptotic value a = 1 and the asymptotic value co. In A: the
dark blue line segment is an infinite length trajectory o that starts
at —oo and ends at the beginning of the arc +1; while the purple
line segment o5 is a finite length trajectory that starts at the end of
~ and ends at co. In ¥(A): the images under I'y UT'; conserves the
same colors. The purple line segment W(o5) starts at 0 (the end of
I") and ends at the finite asymptotic value a = 1. Furthermore: the
closed set F C A determines an elliptic sector; H C A determines a
hyperbolic sector. The image of the strip {7 < Im(2) < 27} C A,

determines the lower half-plane H_, which in turn is glued (as

will be made clear in Corollary [E11]) to another half-plane ﬁi
by the complementary half-ray (light blue). These pieces are re-
peated infinitely further forming a half-logarithmic spiral (shown
as light grey) associated to the finite asymptotic value a = 1 and
the asymptotic value co. As a metric property; finite gx—length
trajectories in the boundaries are stressed with sub—index f, infi-
nite gy—length trajectories with sub—index co. See §5.3.11
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Furthermore, if we consider & as in Definition B2l using A’ = {z | kx < Im (2)},
then
(5.5)
0
&= ((A/, 00), €7 8_) = {semi-infinite helicoid} 2 {half-logarithmic spiral},
z

where & means biholomorphism as pairs: Riemann surfaces and vector fields.

A E
00 l4 T
— T
A P
- y . =
- =7

FIGURE 4. Hyperbolic, elliptic and parabolic sectors (in the com-
plex analytic category) of a vector field X on a Riemann surface
M. There exists a biholomorphism T : ((A, q), X) Cc M — W, for
W € {H, E, P,}, which are angular sectors as in Definition[5.2l As
a metric property; finite gx—length trajectories that start or end at
the singularity ¢ are stressed with sub—index f, infinite gx—length
trajectories with sub—index oco. See also Definition 5.7

5.4. Angular sectors on a Riemann surface. We enlarge Definition for an
arbitrary Riemann surface.

Definition 5.7. A singular analytic vector field X on M with an isolated sin-
gularity at ¢ € M, has a center, hyperbolic, elliptic, parabolic or class 1 entire
angular sector at ¢, if there exist a germ of angular sector (A,q) C M and a
biholomorphism

T ((/L q),X) — W, W e {Cgﬂ/M,H,E,P,,, é’} respectively,
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making both germs of vector fields holomorphically equivalent. See Figure [4l

Philosophically, several remarks regarding this definition are in order:

i) Obviously the center case Cyr/z, is useful, though strictly speaking, it is not
a topological angular sector.

ii) Note that T in Definition [5.7is an analytic equivalence of vector fields; hence
the respective (real) time behaviour of the trajectories of ((A,q), X) and W
must coincide.

For example, if we consider a parabolic sector P,, Jm(v) < 0, having
all the trajectories defined for positive time (¢, 00), then the same holds for
((A,q),X) when Y exists.

Remark 5.8. It is to be noted that many other types of angular sectors are not yet
considered. For instance, the vector field germs determined by

0

X1(z) = 2(cosh(z) + 1>$’

Xa(2) = tan(z)% on M =C,

centred at ¢ = o0 € @, have an accumulation of poles and zeros.

Example 5.9 (Example BI0 revisited). The class 2 essential singularity of the
vector field
=0
Xs(z) = e*e™ % =,
3( ) Dz
at 0o € C which does not have an accumulation point of poles or zeros, determines
a new type of angular sector £¢. Noticing that there is a reflection symmetry (of
MRe (X)) about the real axis, it is enough to consider the half-plane (H,,c0) C C,,
which is in turn composed of an “infinite number of nested class 1 entire sectors”
&%, k > 1. See Figures 2] and

For the vector fields of Remark and Example 5.9 the finite decomposition,
as sectors H,E, P,, & (following the spirit of Theorem [5.I]) on some disk V; C C
centerd at ¢ = oo, does not apply.

5.5. Angular sectors in the flat surfaces category. It will be very useful to
think about angular sectors, Cor/x,, H, F, P,, & of a germ ((A,q), X) on M, as
germs of singular flat surfaces. In order to describe this accurately, we assume
Definition B.7] whence the composition

Ux =Wy oT:((Aq),gx) €M — ((Ao,q),9x,) — (Ct,0)

(here X, comes from Cyy)y,, H, E, P,, &, see Definition 5.2)) is an orientation pre-
serving local isometry. We enrich the conditions of §5.3] adding the following metric
properties.

Remark 5.10 (Metric attributes of the angular sectors). Let ((A,q),gx) C M be
an angular sector of kind Cyr/z,, H, E, P,, & as in Definition (.71

1. The trajectories o1, oo in the boundary 0.4 = {q} U o1 U~ U oy are geodesics
in (M, gx), having well-defined finite or infinite gx—length (which coincide with
the real time in that o, arrives at g, or escapes from g, recall equation ([2.5])).

2. The path I' = U x () in C; is the image of ~.
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I
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Ao 3 2 p
1
00 f ap f a; oo
© 4 f Y4 o~ &
—2 a oo
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0 & oo

FIGURE 5. Class 2 entire sector. Top drawing shows the sector
&€ = ((ﬁ{oo),eze*ez %), while the bottom drawing describes
the image W(A). The path v = 1 U2 U3 is chosen so that
its image U(y; Uvye U~s) = ' Uy UT's determines three semi—
circles and such that I' bounces off the horizontal trajectory that
contains the finite asymptotic values ag and a;. In A: the region
between the boundary of the sector (dark blue, red and light blue
trajectories) and the green and purple paths, correspond to the
region denoted by Ag in the image of ¥. Furthermore, the region
delimited by the purple path is itself a “copy” of the whole class
2 entire sector. In ¥(.A): like colored segments are glued together.
The green and yellow segments enclose a half-plane, which deter-
mines a half-logarithmic spiral related to a class 1 entire sector
associated to the asymptotic value a; (denoted by &1). The region

below the purple segment corresponds to the half—plane ﬁi that
is glued to Ag precisely by the purple segment. On the half—plane

" (and Ei) there is a copy of the asymptotic value a;, giving
rise to a half-logarithmic spiral related to a class 1 entire sectors

associated to the copy of a; denoted by & (&3 for ﬁi) The whole
construction is then repeated for ﬁi by glueing the dotted dark
blue segments of Ei and ﬁi. This process is repeated ad infinitum
(ﬁi and &3 are not drawn in A). See Examples and
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5.5.1. Flat metrics on centers Car/y,. We assume that the vector field germ repre-
sentative ((A, q), X) on M is a center Cy,/y,. We describe the case Ay >0 (A2 <0
is analogous). Let o be a trajectory of Jm (X) in A. The distinguished parameter

Uy : A\{qtUo)c M — (0,27/]A2]) x ¢(0,00) C C;

is a univalued map. Obviously, the strip on the right gives origin to a flat semi—
infinite height cylinder S2l7r/|>\2| x (0,00), of perimeter 27/|A2| (or semi-infinite

height annulus ﬂowﬁ). The lim,_,q ¥ x (p) = 00 € C; corresponds to the Riemannian
end of the cylinder.
21 /|X2] € RT is a complete isometric invariant of Coy )y, .

5.5.2. Flat metrics on hyperbolic sectors H. The germ of vector field X on M has
a hyperbolic sector H at a singularity ¢ € M, when a map Vx : A C M — C;
satisfying the following conditions exists:

5% (q) =a € Cy.

Both geodesics o1, 03 C A of Re (X) arrive at or escape from ¢, in a finite real
time 7 > 0, this is noted in Figure [

Ux(A) is an upper or lower half-disk, and ¥x(o; U o2) is in a horizontal tra-
jectory segment, Figure ] shows the case of a upper half-disk.

The metric gx is real analytic at ¢ in A.

5.5.3. Flat metrics on elliptic sectors E. The respective map Vx : A C M — ((A:t
satisfies: R

Ux(q) =00 €C.

All the geodesics (including the characteristic trajectories o1, 09 C 9.A) of Re (X)
arrive at or escape (both possibilities occur in this sector) from ¢ having infinite
gx—length, this is noted in Figure @

Ux(A) is contained in an upper or lower half-plane, and ¥ x (o7 U 03) are two
semi-rays in a horizontal trajectory, Figure @ shows the case of a upper half-plane
minus a half-disk.

5.5.4. Flat metrics on parabolic sectors P,. Recall that v = vy +ivy € C\R. The
respective map \I//)\( cACM— ((A:t satisfies:

Ux(q) =00 € Cy.

All the geodesics, o1, 09 C A of Re (X) arrive at or escape (only one possibility
occurs) from g, having infinite gx—length, this is noted in Figure @l

Ux(A) is a left (or right) strip and ¥x (o2 U 03) are two horizontal half-rays,
Figure [ shows the case of a left strip.

The height Jm (v) = v, # 0 is an isometric invariant of the flat surface associated
to P,. Moreover, the complete v € C\R will be useful for us (in Table 2]).

5.5.5. Flat metrics on class 1 entire sectors &. Let ((A,q), X) be the a vector field

germ of a class 1 entire sector on M. We assume that T(A) is & = ((Ei, 0), €* %),
in the upper half-plane, for the lower half-plane, details change in an obvious way.
The distinguished parameter ¥x of & is chosen as in (5.I)). The lim, ,, ¥x(z) =
a,00 € @t are the two asymptotic values of ¥ x, associated with ¢, recall (B.3)).

The boundary geodesics o1, 02 C A of Re(X) in M have finite and infinite
gx—length (5.2)), this is noted in Figure Bl

8This notation follows the classical concepts of L. Markus; see [47] and TableBlin §I1] Appendix
for more details.
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Ux(A) determines a half-logarithmic spiral and ¥ x (o1 U o2) is in a horizontal
trajectory, once again refer to Figure [Bl

5.6. Isometric glueing. In the flat surface category, surgery tools are widely used;
e.g. [66] pp. 56 “welding of surfaces”, [49], [44], or [69]. Let us recall a concrete
advantage of this point of view:

Corollary 5.11 (Isometric glueing). Let (M°, gx), (N°, gy) be two flat surfaces
arising from two singular compler analytic vector fields X and Y. Assume that
both spaces M°, N° have as geodesic boundary components of the same length: the
trajectories o1, oo of X and Y. The isometric glueing of them along these geodesic
boundary, is well defined, and provides a new flat surface on M°UNC arising from
a new complex analytic vector field.

Proof. The foliation by geodesics Re (X) on (MY, gx) is a translation structure (in
the sense of geometric structures following W. Thurston [69] section 3.3, pp. 125);
having {z — z + ajx} as a change of coordinates. The same applies for Re (Y') on
(N°, gy). The geodesic boundaries 01,05 are glued via an orientation preserving
isometry (the trajectory time orientations must match), which gives rise to a new
flat surface M°UN? having a translation structure. Using Lemmal2.6 the existence
of a complex analytic vector field on MY U N° extending X and Y follows. ]

Alternatively the proof may be obtained as a simple application of the reflection
principle, [2] pp. 172.

The isometric glueing Corollary [5.11] has already been applied several times for
the construction of angular sectors, in particular, the class 1 entire sectors in §5.3.11
and class 2 entire sectors in Example (.9

Note that in general when glueing geodesic boundaries 01,02 with endpoints
there is no control as to what type of singularity one might have at the endpoints
of the geodesic boundaries. However, in the case of angular sectors we will obtain
a conformal puncture; see Proposition

Example 5.12 (Example BI0 revisited). Considering as starting point the class 2
entire sector &¢, note that the complexity of the flat metric attributes is greatly
increased: it is possible to construct an infinite number of conformally different
class 2 entire sectors. In Figure[d on each nested copy, &, of a class 1 entire sector,
there is associated a finite asymptotic value a; € C; and a copy of the asymptotic
value co. Thus, the asymptotic value co has infinite multiplicity. Moreover, the
ar € Cy could all be different, so in fact each infinite sequence (ag, a1, as,...) of
finite asymptotic values, with ag # ax for £ > 1, defines a conformally different
class 2 entire angular sector. A deeper study of these cases is left as a subject of
future work.

Example 5.13 (Differences between real and complex analytic angular sectors).
Let Z = xQ% - ya% be a real analytic saddle-node on (R?,0). Following Theorem
Bl at the origin, its singular planar real analytic foliation F has two hyperbolic
sectors Zj, and one parabolic sector Z,.

The hyperbolic angular sectors of Z at ¢ = 0 can not be recognized with our
flat sectors H (since the maximal interval of time definition for the characteristic
trajectories of Z assumes (19, 0) or (00, 7p) at 0).

G. Le6n—Gil et al. [45], show that there is no complex structure J, making the
real analytic vector field germ ((RQ,G), Z), the real part of the complex analytic
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vector field X. That is, for any choice of Riemann surface germ ((RQ,G), J ) and
any choice of singular complex analytic vector field X on each Riemann surface
germ, the equation e (X) = Z is not satisfied.

5.7. Cyclic words Wx at poles and zeros. We recall the analytic normal forms
at poles and zeros of germs (((C, 0), X ) whose complete analytic invariants are the
order and the residue. See Table 2 proved in [39] ch. 3, [26], [27], [1] pp. 111, [14],
[66] ch. IIT, [24]. Our goal is to recognize the cyclic words which are determined.
We use as a main parameter A € C* in the normal forms, from this we obtain the
respective residue and the metric invariants (27/A2, 2mi/A, =272 and 27i\).

Thus it will be convenient to introduce a new letter F,,, indicating a v surgery,
as will be explained in case 5 (note that E = Ej so in fact E, replaces F). See also
Remark [5.17 and Proposition

TABLE 2. Poles and zeros (A = A + i)y € C¥)

normal form order residue metric cyclic
of X of X of wx 9x word
cone angle
o —k<-1 0 (2k + 2)7 H-H
2k4-2
cylinder
iAoz &+ €iR* St /ine X (0,00) Con /2
s=1 .
cylinder
0 1 .
A5z 5 € C\iR 521ﬂ|)\1|/\,\| x (0, 00) Porisa
ZS% 0 (2s — 2) copies (Ez,oo) E---E
25—2

] ) * _ ] _2 DY
y ) iAg € iR* | (25 — 2) copies (H ,00) | E---E E_az,
T+Aaz°—1 9z s>2 25—3
with —27w Ay surgery
. (2s — 2) copies (EQ, o0)
=0 A € C\iR and a strip E- - E Py
_—

1+ 251 9z

with 27wiA surgery

From the normal form (((C, 0), X), first column Table[2, to the flat metric ((C,0),
gx). We work in a open disk D(0, 2¢) having radius 2¢ > 0 small enough, thus

W(z) = / wx : D(0,e)\o C Cs —> C,

and ¥(e) = 0. Moreover, in order to get a univalued ¥, it is convenient to remove

a path o between 0 and ¢ from D(0,¢€). There are three possible choices.

a) Zeros of order s = 1 and \; = 0; the trace of ¢ is inside the ray RT C C,; see
Figure[Bla and d.

b) Zeros of order s = 1, A\; # 0; o is the trajectory of X with initial condition
e = 0(0), it is a spiral trajectory; see Figure @b, ¢ and e.
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¢) Zeros of order s > 2; o is the trajectory of X with initial condition € = o(0),
the trace of o is inside the ray R™ C C,; see Figure [

In Table 2 for the case of zeros, the displacement of v or 2mwi times the residue
of wx is
2mi _ 2m(Aa+iA1)

2mi _ Zm{AzTiA1) s =1,
(5.6) /WX _ A PEEDY:
Y 2mIN = 27‘((—)\2 + Z)\l) S Z 2,

here v(0) = e : [0,27] — (C,0) is an oriented circle, whose radius ¢ is small
enough. Note that (50 is also the complex time of v, which is the natural genera-
lization of (Z4)). Hence the displacement makes sense for the paths v C 0.4, as in
Remark 5101 This displacement gives origin to the surgeries in Table 2], as we will
show below.

Following ideas of quadratic differentials [66] ch. VII, the height of T is defined

as
2";'?;‘ s=1, A=\ +i\ € C\iR,
gl 27| Aq | 5> 2.

Case 1. A pole.
Let ((C,0) el ) be the vector field germ, then the distinguished parameter is

) 2k 9z

o Skl
U(z) = d¢ = : D(0,e) — C;.

(@)= [ ¢ac= 71 D0e) —
The associated word is H - - - H, having 2 + 2k letters.

The cone angle (2 + 2k)m of gx characterizes the order —k of the poleﬁ, thus
the cone angle is a complete metric and analytic invariant of the germ; see [4§],

pp. 1028.
Case 2. A simple zero with pure imaginary linear part iAy € iR*.
Let (((C7 0), Mgz%) be the vector field germ, then

U(z) = /E% : D(0,e)\{[0, €]} — (0,2m/X2) xi(0,00) C C;, €€ RT;

see Figure [6la for Ao > 0. The metric gx on D(0,€) can be described as a semi-
infinite height cylinder of perimeter 27 /|\s|; recall E5Jl The case Ay < 0 is
analogous, Figure [6ld. The associated word is Coy /sy, .

Case 3. A simple zero with linear part A = A1 +ids € C\iR.

Let (((C7 0), )\z%) be the vector field germ. Assume that A\; > 0, then 0 is a source
for the trajectories of X. Moreover, the image U(D(0,¢€)\o) is the interior of a left
horizontal strip Sor;/» C C; having vertical height 27| A1]/|M?; see Figure Blb, ¢

for two examples. Sor;n has boundary the straight line segment 0 27i/\ and two
horizontal left half-rays.

If Ay < 0, then 0 is a sink for the trajectories of X. We use a right horizontal
strip Spr;/x in a manner analogous as above, Figure [6le provides an example.

9We convene that the order (or multiplicity) of a pole is to be negative.
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FIGURE 6. Let X(z) = )\z% be a vector field having a simple zero,
A € C*, we consider the displacement f7 wx = 2mwi/\ as the red
arrow in right drawings. In all the cases, the metric gx determines
a semi-infinite cylinder S} x (0, 00), where p is the perimeter (see
Table 2), which can be obtained by suitable identification of a strip
in C;. In (b), (¢) and (e), 0 C RT is a characteristic trajectory,
having well-defined slope at 0 only for Ao = 0. See §5.71

A characteristic trajectory o of X with well-defined slope exists if and only if Ay = 0.
When Ay # 0, we use a trajectory o of X in order to cut the disk D(0,€), even if
this trajectory o behaves as a spiral at 0.

Using the strip Spri/x C C; we can recover a semi-infinite height cylinder as a
flat surface gx; by glueing between them the two horizontal boundary components
using the isometric glueing ¢ < t 4+ (2mi/\). The perimeter of the cylinder is
21| A1|/|A|?. The associated word is Par;/x-
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A€ C\iR, Re(A) > 0

A€ C\iR, Re(\) < 0

FIGURE 7. Let X(z) = 1ji\za% be a vector field having a dou-
ble zero, A € C. When A # 0, we consider the displace-
ment fy wx = 2miA as the red arrow on the right drawings. a)
Jm (27iA) > 0 produces two elliptic sectors and one parabolic sec-
tor. b) Jm (2miAz2) = 0 produces two elliptic sectors, the —27 Ao
surgery is a glueing along the horizontal boundary, it is given by an
euclidean translation {t +» t — 27w\ } as in Corollary 511l ¢) A=0
produces two elliptic sectors. d) Jm (27i)) < 0 produces two ellip-
tic sectors and one parabolic sector. In all cases, o = [0,¢] C RT

in C, is a characteristic trajectory of X. See §5.71

Case 4. A zero of order s > 2 having zero residue.
Let (((C7 0), 23%) be the vector field germ. Assume by simplicity s = 2, let

Y

e ¢
be the global distinguished parameter, satisfying ¥(e) = 0. Since the path v is a
small circle enclosing z = 0, the path I' closes itself having clockwise orientation.
In case s = 2; see Figure[llc. Two elliptic sectors E are defined by the intersection
of horizontal trajectory in C; and the image of ¥. gx is isometric to the euclidean
metric of (Cy,d) at oo. The associated word is EE.

11 ~
U(z) —;—|—— :D(0,6)\c — C;, e€RT,
€
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If A =0 and s > 3, the obvious glueing applies for t2% arising as the pullback

via t : 2 — 271, The resulting gx is a ramified covering of the euclidean metric of

(Cy,6) at oo with (s — 1) ramification index. In this case 2s — 2 elliptic sectors E

are present. The path I' closes itself having clockwise orientation. We obtain the
associated word E - - - E, having 2s — 2 letters.

Case 5. A zero of order s > 2 having residue iAy € iR*.

Let (((C7 0), Hgﬁ%) be the vector field germ. We take a characteristic trajec-
tory o of 256% that connects 0 to € € Rin (((C, 0), 25%), as in case 4. Then one per-
forms the following 27 Ao surgery on said trajectory: cut along the trajectory Oe and
glue it back together with a horizontal shift by 27y in gx—units. This adds a real
residue to the singularity at z = 0, we obtain the germ ((C,0), (2*/(1+iA3™")) ).
The respective ¥ : D(0,¢)\c C C, — C; is in Figure [Mb. No parabolic sectors
appear. Furthermore, the path I' does not close itself: it is missing a strictly real
segment corresponding to the displacement —27w Ay € R*. The associated word is

(5.8) E..--FFE,
having 2s — 3 letters E with the introduction of the new letter F,, where we recall
that we have a v = —27w )y € R* surgery on E to obtain this new letter E,.

Case 6. A zero of order s > 2 having residue A = A\ + iAo € C\iR.

Let (((C, 0), H_f%%) be the vector field germ. For pure imaginary iAo, we take
an imaginary trajectory of (((C, 0), z* %) that connects ie and 0. Then one performs
the surgery with a displacement of 27i\ in gx—units. Again this adds an imaginary
residue to z = 0. Once again 2s — 2 elliptic sectors E appear, and a parabolic sector
Psrin, appears. See Figure [[ (a) and (d). The path I' does not close itself: the

displacement corresponds to 27 times the residue A. The associated word is
(5.9) E- - EPyix
having 2s — 2 letters £ and one letter Pa;).

5.8. Angular sectors of vector fields in the combinatorial category. We
now re-examine vector fields from quite a different perspective. Let ((Rz, 0),7 ) be
a real analytic vector field germ as in Theorem [5.1] then we have a correspondence
from vector fields to words

(5.10) Z— Wz =Wy---Wy, W, inthe Z,Z.,Z, alphabet.

The three real analytic angular sectors in the alphabet on the right-hand side of
(E10), are defined in §5.11 By simplicity, we are looking at these angular sectors as
objects in the C*° smooth category or even simpler in the combinatorial category.
Thus, from now on, we shall also consider

0271/)\27H7 E,, P, &y

as “letters in an alphabet”.

Here, &, means that, for v € R* we have a v surgery on & analogous to surgery
in equation (5.8)). If v = 0, the sub-index v will generally be omitted.

In the complex analytic category our goal is twofold:
e to establish the analogous correspondence of (G.10),
e to examine the way that the “letters in an alphabet” (combinatorial pieces W)
can fit together (in the metric category) to reconstruct a vector field X on (C,0).



164 ALVARO ALVAREZ-PARRILLA AND JESUS MUCINO-RAYMUNDO

Definition 5.14. A singular analytic vector field germ representative (((C, 0), X )
determines a cyclic word at the singularity 0, when in some punctured neighborhood
of 0, the germ admits a finite cyclic decomposition

(5.11) Wx =Wy --- Wy, W, inthe Cor/z,, H, E,, P,,&, alphabet,
where the letters W, are read in a counterclockwise direction.

Example 5.15. (Motivational examples of how a vector field germ determines
cyclic words).

1. Recalling the fifth column of Table 2] we see that zeros and poles give rise to
natural cyclic words.

2. For slightly more complicated examples that include transcendental vector fields,
first notice that the exponential vector field (Example B9]) determines the cyclic
word

~ 0

(Cero0), X(2) =€ 5) > Wx =66
z

where we use the second representative for the letter & as in (BA]). Second, by

considering the pullback via 2%, for d > 2, of et%, the new germ determines

another cyclic word

d
~ e 0
C.,0), X(2)= 5—7—=77) +— Wx=6-6.
(( oo) (Z) d zd-1 az) X =
2d
3. In Example832 consider Figure[IH], upper drawing; the germ determines a cyclic
word
~ ;x 0
((C.,0), X(2) = e’1e228—) — Wy = HEP,EHEP_, &,
z
where clearly the residue of wy at co € ((A:z is zero, hence the displacements
v associated to the parabolic sectors must cancel out. On the other hand, in
Figure [I6, upper drawing; the germ determines a cyclic word
-~ 0
((C.,0), X(2) = ez28—) — Wy = HEEH 6.
z
It is to be noted that in this example the letters H and P, fit together with
the letter &, forming nontrivial cyclic words. In this section we seek a better
understanding of this phenomenon.
For other cyclic words arising from vector field germs see for instance Exam-

ples IT.5] and IT.6] in 111

Corollary 5.16. Let (((C,O), Y) be a singular analytic vector field germ. Y deter-
mines a cyclic word Wy at 0 as in fifth column of Table [2 if and only if Y assumes
the respective normal form.

Proof. Note that the letters Cor/y,, H, E,, Parix in Wy mean the (respective) an-
gular sectors, in the flat surface category.
Given Y, we consider a representative of it on D(0,¢) and a point zy € D(0,¢).

Thus,

z

Vo (2) = / wy - D(0,2)\[0,¢] —> C,

20
is a univalued distinguished parameter of (D(0,€)\[0,¢],Y). Moreover, U,,;y is
an isometry.
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The map ¥y' o Wypiy : D(0,)\[0,€] — (C,0) is well defined; see [69] pp. 139
for this order of ideas. Moreover, we can recognize an isometric glueing in the
closure of its image (taking into account the displacement); whence by the above
composition the map extends to a local isometry in the punctured disk D(0,¢)\{0}.
Using Remark applied to ‘11}1 0 Wyniy the assertion follows. |

It is clear that, if in Wy there appears Cy./y,, then necessarily Wx = Cor/»,-
Further note that, if in the Wx there appears &, then the cyclic word will depend
on the choice of germ representative, as will be explained in Remark .18

Remark 5.17. In all that follows, we recognize and use the equivalence between:

1. A letter Cor/z,, H, Ey, Py, &, in the alphabet.
2. The respective vector field germ ((A, ¢), X); see Definition
3. The respective flat angular sector ((A, q), gx ), provided with Re (X).

5.9. Admissible words W at isolated essential singularities. Our departure
point is an abstract cyclic word

(5.12) W=W;---Wy, W, inthe Cop/r,,H, Ey, Py, &, alphabet.

Notational conventions and clarifications.

1. A priori, an abstract cyclic word W does not arise from a vector field X, even
though by construction each letter W, of the word does come from a vector field
germ. In these cases we shall agree to not include X as a sub—index of W.

2. When in fact the cyclic word arises from a vector field we will include the
sub—index X.

3. On the other hand when not needed we will omit the sub-indices in Car/y,,
El/; Pllv @@V'

The following conditions are satisfied by W.

L] Wk+l = Wl.

e Each W, = ((.AL7 q.), XL) can be interpreted also as a flat surface and an angular
sector vector field germ, following Definition (.71

o The geodesic boundary of W, coincides with the characteristic trajectories o, 1,0, 2
C W, as in §5.3 and labels in the sub-index 1, 2 are well determined by the coun-
terclockwise orientation from the complex structure in W,.

In order to perform the isometric glueing of the angular sectors of W in (5.12),
we require the following additional rules (A)—(C), in accordance to Corollary 5111

(A) There must be an even number (or zero) of angular sectors of each of the
following types: hyperbolic, elliptic and entire sectors.

This follows from the fact that the characteristic trajectories of the angular
sectors considered in the construction either arrive or escape the singularity ¢, of
W,, and when gluing them together the boundary orientations must match. The
number of parabolic sectors can be arbitrary (including zero).

Rules (B) and (C) requires us to go back and examine the class 1 entire sector
in more detail.

Remark 5.18 (A relation on words originating from choice of germ representative
of class 1 entire sectors). In Figure 3] the left and right strips
{z|0<JIm(z) <m Re(z) < the respective Re (y1)} U {o0},
{z]0<JIm(z) <m, Re(z)> the respective Re (72)} U {cc}
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are such that GZ% defines an elliptic £ and a hyperbolic sector H on these. Using
the language of letters and words, this geometric fact can be written as the abstract
relations

(5.13) E~EEH or &~ HEE,

depending on the presence of & on upper or lower half-planes.
Furthermore, recalling from §5.3.T] the two different representatives for the class
1 entire sector &, we observe that:

1) The half-logarithmic spiral (second representative) “should be” the definition
for the class 1 entire sector &. This is suggested by (E.13).

2) However, the half-logarithmic spiral is very nongeneric with respect to the choice
of v = v U~ C (C,0); see Figure Bl This follows by recalling that the border
of the half-logarithmic spiral is a horizontal homoclinic trajectory of X that
starts and ends at the isolated essential singularity. So, assuming that 7 is an
arc of circle of radius r with centre the isolated essential singularity, then only a
discrete set of radii {ry} will intersect the border of the half-logarithmic spiral
(at the place where v bounces off). Thus any perturbation of the radius will
give rise to a pair of sectors £ and H as explained above.

Now, note that two characteristic trajectories o,o C OW, and 0,411 C OW, 41
can be glued together (see Corollary [B.11)) if and only if both have finite or infinite
gx —length.

For example, an elliptic sector F cannot be glued to a hyperbolic sector H. Since
hyperbolic sectors have finite length boundaries while elliptic sectors have infinite
length boundaries; the syllable EH is forbidden.

In the context of Remark 518 this implies that there are two different types of
class 1 entire sectors centred at g, depending on whether the left /right boundaries
of the sector have finite length, or an infinite length. When needed we will denote
these two types of class 1 entire sectors as

(5.14) 600 and &%,

respectively (otherwise we will just denote class 1 entire sectors by &); oo &y means
that in the angular sector &, the length of the characteristics trajectory oy is infinite
and the length of o5 is finite; see Figure [Bl

Thus, entire sectors & can be glued to entire, elliptic, hyperbolic or parabolic
sectors.

(B) The syllables of angular sectors that can be constructed are
C, HH, EE, EP, PE, P&}, 1ExP, Eoul}, 1ExE,
H¢6w, cobtH, tE50008F, bt fboo-
(C) Following Remark [5.18 words admit the following replacement laws:
w8f ~ Ex6érH, 16 ~ HpELE.

The first replacement means that, if we reduce the radius of an arc of circle 7 in
(311 used to bound class 1 entire sectors; we need to add sectors E and H; to
get E&rH. Tt is a reversible process for X on a small enough disk D(0,7). This
reflects the auto—similar nature of class 1 entire sectors &.

As a direct consequence of (C) the two abstract relations follow:

Po&H ~ PEL&HH, Hi6oP ~ HH&GEP.
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Definition 5.19. A cyclic word W is admissible if it obeys (A)—(C).

We have therefore extended correspondence (G.10) to the complex analytic cat-
egory

(515) ((C,O),X) '—>WX :W1W2"'Wk; WL € {C2Tr/)\27H7EU,PI/;gU}~

A natural question is to ask which germs (((C, 0),X ) give rise to admissible words.
A first observation is that poles and zeros trivially determine admissible words; see
Corollary The complete answer to the above question and the recognition
of analytic invariants arising from admissible words containing &, will have to be
postponed to §9 specifically Theorem However, we can prove a natural result
in this direction.

Proposition 5.20. Let W be an admissible word in the alphabet Cor)y,, H, E,,
P, and &,.

1) W comes from a germ (((C, 0), X) of an isolated singularity of a complex analytic
vector field.

2) Furthermore the sum of the displacements {v} of W is 2mi times the residue of
X at 0.

3) If two germs ((C,0),X) and ((C,0),Y) give rise to the same admissible word,
then they are holomorphically equivalent.

Proof. For (1), assume that the admissible word W has k letters {W,}. We glue, by
isometries as in Corollary [5.11] the elliptic, hyperbolic, parabolic and entire angular
sectors centred at z = 0 following the anticlockwise cyclic order of the word W.
One needs to take into account the displacement v of each letter P,, E, and &,.
In such a way, we obtain a Riemann surface, by abuse of notation (W\{0}, J), it is
homeomorphic to a topological annulus. Here J is the conformal structure obtained
from the flat metrics W, = (A,\{¢.}, gx,) so, recalling the basic correspondence in
Lemma [2.6] there is a unitary geodesic vector field on (W\{0}, J).

We need to recognize that the ideal boundary 0 of (W\{0}, J) (coming from the
vertex points g, € W,) is a conformal puncture of the conformal structure .J.

Note that each angular sector W, determines in (W\{0}, J) an angular sector of
conformal type {z € C | 0 < |z| < ¢,,0 < arg(z) < 0,}. There exists a conformal
map of type {z — 2% = w}, B € RT, such that it sends the union of the angular
sectors to one angular sector of argument 27, i.e. to a conformal punctured disk.
Thus, 0 is a conformal puncture of J.

Applying Lemma [Z6] to (W\{0}, gx,%Re (X)), there is a germ ((C,0),X) of a
singular analytic vector field that determines the admissible word W on (W, J).

For (2), let Wx be an admissible word which comes from a germ ((C,0), X) of
an isolated singularity having residue Res(X,0). We define the residue of Wx as

Res(Wx) := Res(X,0).

For each syllable W, W, 1 C W, chosen from one of the following EFE,EE,EE,EP,
and the respective number v € C*, we can perform a v—surgery that modifies the
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syllables as follows:

EE EP,E v e C\R, ce EP,E veC\R,
E,E veR, £ vER,
PE R,
£E {‘9 veCy EPy s  EPuin.

EE v eR,

For the syllable E'E, this was performed in case 5 of §85 The other syllables admit
the analogous surgery, it is required that the involved characteristic trajectories
have infinite gx—length in order to perform the isometric glueing. Using that the
displacement is 27¢ times the residue (see (B.0)), (2) follows.

For assertion (3), taking into account the displacements {v} of Wx, Wy, we
observe that the flat metrics in (Wx\{0}, gx,%Re (X)) and (Wy \{0}, gy, Re (Y))
are isometric. Using the ideas in the proof of Corollary the result follows. O

Example 5.21. 1. Displacements and residues in words E ---E and &--- &, with
2s letters. The word E - - E with —2w Ay € R surgery (see line five of Table [2),
now can be written adding suitable parabolic sectors as

P, E---EP,FE, satistying (A-C) and v1 + vy = —27\s.
25—3
The residue Res(wx, 0) of the associated vector field germ ((C,0), X) of P,,E - -+ E
P,,FE at the singularity z = 0 assumes the value (v, + v2)/2mi € C*.

Similarly, the word &&, obtained from eZ% at 0o € C and having residue
zero, gives origin to a family of new words P,, &P,,&, and new germs of vector
fields, having residue (14 + v2)/2mi € C*.

The analogous holds for &--- &, with 2s > 4 letters.

2. Let X(z) = zeZ% be a singular analytic vector field on C. Note that X has
singularities at 0 and oo. The respective germs provide us with two words:

HEPyEH for ((C,00),X), P_ay for ((C,0), X).

6. POINCARE-HOPF INDEX THEORY

Let us recall that the Poincaré—Hopf index PH(X,0) € Z of a singular analytic
vector field germ ((C,0), X') having a zero at 0, is the winding number of the Gauss
map

Re (X ((0)))
[Re (X (+(0)))]"

where v(0) = e : [0,27] — (C,0) is an oriented circle having small enough radius
e > 0 and S! is the unitary circle. Our starting point is the following.

(6.1) &8 — St v(0) —

Lemma 6.1. Let ((C,0),X(z) = f(z)%) be singular analytic vector field germ

having an isolated singularity at 0.

1) The Poincaré—Hopf index, PH(X,0), as the winding number of the Gauss map
is well defined.

2) As a consequence of the usual argument principle,

(6.2) PH(X,0) = QLM / J;I((j))dz €Z.
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Proof. The first assertion uses topological arguments. Let fRe (X) be the respec-
tive real analytic vector field (representative of the germ) on a punctured disk
D(0,2¢)\{0} = {0 < |#| < 2¢}.

We compute the winding number w € Z of the Gauss map of Re (X), using a
particular v(0) = ee®.

Second, we note that the winding number w does not change under continuous
deformations (6, s) : [0, 27] x [0, 1] — D(0,2¢)\{0} of v(8) := (0, 0), as an element
in the fundamental group of the punctured disk; as long as each path (6, sg) does
not go through any singularities of e (X). In the punctured disk, the vector field
Re (X)/|Re (X)|is C? (in fact real analytic) and v(6, s) is a continuous deformation.

|

Example 6.2. 1. If X is meromorphic at 0, then

k< -1 for 0 a pole of multiplicity — k,
(6.3) PH(X,0) = 0 for 0 a regular point,
s>1 for 0 a zero of multiplicity s.

2. Moreover, let X be a meromorphic vector field on a compact Riemann surface
M of genus g. Then

(6.4) > PH(X,q) =2—2g =1 (T'M);
qeEM

here, the last equality is the Chern class ¢; of the holomorphic tangent line
bundle T M.

In the case of poles, ([6.3) is proved as follows. There exists p : (C,0) — RTU{0} a
function germ, such that pfRe (X) is a C* vector field on (C, 0), hence PH(X,0) :=
PH(pMe (X),0) is well defined.

In fact, for X(z) = Z%%, the required function is p(z) = |z|?*.

Using Table Bl and the C' Poincaré-Hopf index theory (see for example W.
Thurston’s exposition [69], §1.3), the proof of (@3] is complete.

Let ( (C,0),X ) be a singular analytic vector field germ having an isolated singu-
larity at 0 determining an admissible word Wy, let us denote: h, e, e the number
of hyperbolic, elliptic or class 1 entire sectors in Wy, respectively.

Remark 6.3. Note that since h, e, e are obtained from the cyclic word Wy, these
numbers are in fact associated to a germ representative. Thus even though they
depend individually on the germ representative, the sum e — h + € does not, as a
consequence of Rule (C) in §5:9

The assertion Theorem (A.1) below, shows that one can in fact calculate the
Poincaré—Hopf index of a vector field at a singularity 0 by knowing the type of
sectors centred at 0 that occur. It generalizes the classical formula of I. Bendixon;
see [0] appendix §10.

Theorem (A) (Local and global Poincaré-Hopf theory). 1) Let ((C,0),X) be a
germ of singular analytic vector field with an isolated singularity at 0 and further
suppose that X determines an admissible word Wyx. Then the Poincaré—Hopf
index of X at 0 is

e—h+e

(6.5) PH(X,0) =1+~
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2) Let X be a singular analytic vector field on a compact M having a discrete set
of poles, zeros and essential singularities determining admissible words at each
singularity, then

(6.6) X(M)= )" PH(X,q).

In order to compute the winding number of (X, 0), our main tool is the argument
principle on angular sectors.

Let X(z) = f (z)% be a nonvanishing holomorphic vector field on an angular
sector {z | 0 < |z] < 2e, 0 < arg(z) < 0y} (note that z = 0 is removed) such that
the two boundary rays {arg(z) = 0,600} are trajectories of +9e (X), and consider
the path (0) = €% : [0,6p] — C in the sector.

The winding argument of X in the angular sector is

1 () f(z
(6.7 o) -o60) =7 [ L er
i Jyo) f(2)
The result must be interpreted using the endpoints of the trajectory & o~ in S?,
in particular, this winding number can be greater than 27 or less than —2m.
Two important facts:

i) The boundary values of & are independent of the points in the corresponding
boundary rays, more precisely,

&(p7(0)) = &(v(0)) = +1 € S,
&(py(60)) = S(7(6o)) for 0 < p <2,

the signs + depend on whether 2e (X) points to 0 or not, along the boundary
ray {arg(z) = 0}. Whence, the integral (6.7)) is independent of every simple
path, having extreme points in the boundary rays, required to compute it
(using an argument analogous to the one in Lemma [6111).

ii) The integral ([67)) does not require that X assume a continuous value at the
vertex z = 0 of the angular sector.

(6.8)

Proof of Theorem (A.1). The case W =C'is obvious. If the letters W € {H, E, P, &}
describe the kind of sectors in Wx and letting j run through the number of sectors
of each kind (for instance j € {1,...,h} in the case of the hyperbolic sectors; e, p, €
respectively for E, P, and &), then we decompose the path v(0) = ce® : [0, 27] —
(C,0) in closed connected arcs of argument {67, ;} coming from the decomposition
of Wx in angular sectors. Thus, by construction

h e P €
(6.9) ZL‘)H,J' + Z@E,j + Z@P,j + 295,3‘ =27
j=1 j=1 j=1 =1

are the (unordered) arguments of the angular sectors. In order to simplify the
notation, we apply suitable coordinate changes on each angular sector in (C,0),
and recognize ([0, 0y ;]) as the arc of v in an angular sector having a boundary in
R™*, similar to what was done for the sector in (6.7) and (G.8). O

Lemma 6.4. In each angular sector determined by v([0,0r ;]), the winding argu-
ment of its Gauss map & o~y behaves as follows.

1) In a hyperbolic sector it is O j — m.

2) In an elliptic sector it is O ; + 7.
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3) In a parabolic sector it is p ;.
4) In an entire 1 sector it is 0 ¢ ; + 7.

Following in some places the original ideas of I. Bendixon and C! arguments
a proof of Lemma [6.411-3, is given in [6], appendix §10. We use the argument

principle (G7).
Proof of Lemma [641.1.

Step 1. Computation in a particular hyperbolic sector.
We assume that 0y ; = 27/(2k + 2), for —k < —1. Let X(2) = zik% be the
vector field on the sector {z | 0 < arg(z) < 6g ;}, it follows that

(6.10) 1/7(9&1) f/(z)d B 1/7(911,1) _kd B — ko _2n
' 7
-

z ;
o [ i
Step 2. Computation in any hyperbolic sector.

a)
™
—+a .
éi ﬁ :
—

NN 2k+2  2k+2

FIGURE 8. a) The winding argument of a hyperbolic sector H of
angle Oy ; is 0g ; — 7. b) The winding argument of a entire sector
& of angle 0g ; := 7 is m + 0 ;. Furthermore, both results persist
under small perturbations of «. See proof of Lemma [6.4]

We assume {6y ; < 27}, i.e. not necessarily of the form 27 /(2k + 2).
Consider the map {w — w?® = 2}, for suitable 3 € (0,27), sending the angular
sector {0 < w < @y ;} to a sector as the one that appears in (6I0), and compute
the respective integral of type (67)).

A more geometric argument is as follows. Assume (6.10) and consider a small
enough perturbation of the angle 0y ; + « say, for example, |a| < 27/(2k + 2).

Let & be the Gauss map of the original vector field (6.10), sending the counter-
clockwise oriented arc ([0, 2,3%]) C S! to the clockwise oriented arc in S! having
extremes (similarly as in equation (G.8])):
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&(v(0)) =1, i.e. the ray {arg(z) = 0} is a trajectory of e (X) that does not point
to 0;
S(V(ziiz)) = 25z —

See Figure Bla. for k = 3.

Now, we increase the original argument by «; translate the vector field X to the
new angular sector of angle (27/(2k + 2)) 4+ «, obtaining a new vector field X, (this
can be done with a map of type {w > w® = z}).

The Gauss map of the vector field X,, sends the arc 7([0, 5755 + o) C S? to

the clockwise oriented arc in S! having extremes, similarly as in equation (6.8):

&(v(0)) = 1;
@(7(2512 +a)) = 2512 + a —m, i.e. the ray {arg(z) = 2512 +a} C C*isa
trajectory of Re (X, ) that points to 0.
See Figure Bla. The proof of Lemma[6.411 is done. a
Example 6.5 (Coherence with previous results). 1. If 8 ; = 7, then we can use
X(z) = £ and

1 /v(ﬂ) f'(z)
- dz=0= Oy —m.
i Jyo) f(2) i

2. An alternative proof of (63) follows (see [31], [52]), since the total winding
argument of a pole of order —k is

1 @ g
—,/ —dz = —k2m.
Ly %

The proof of Lemma [6.412-3 follows the same ideas. If the particular elliptic
sector describes argument 0 ; = 7, then we can use (((C, 0), 22%) and

y(m) pr ()
1/ f(z)dz:l/ gdz:QW:9E7j+7r.
o f&) i e 2

Proof of Lemma [6.414.

Step 1. Computation in a particular class 1 entire sector.
We assume that 0 ; = 7. Let X(2) = —2261/2% be the vector field on {z | 0 <

arg(z) < w}\{0}, we get
y(m) g1 ()
(6.11) l/ f(z)dzzl./ <2+i2) dz=2m=0g; +.
i Joo) f(2) Ly \% 2

Note that, the Gauss map has a critical point at some v(fy) € S’ in the second
quadrant; see Figure Bb.

Step 2. The computation in any class 1 entire sector describing an argument 7+ «,
is analogous as in the case of hyperbolic sectors.

The proof of Lemma [6.414 is done. O

Finally, by Lemma [6.4] the winding number of (((C, 0), X ) is

€

h e D €
1 h e
2:0°7 jl_ll On.5 jl_ll O, jl_ll O, j|_|1 Osj )| =—5+5+1+5
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where by abuse of notation, the union means the decomposition of v : [0,27] —
(C,0) in intervals from the angular sectors of X, as seen in (£.9)).
The proof of Theorem (A.1) is done. O
For the second part in Theorem (A), it will be suitable to remember a deep
result of C. Gutierrez [30] and to do a digression on the differentiability required
to develop Poincaré—Hopf theory.

Theorem 6.6 (C. Gutierrez’s smoothing of singular continuous flows and folia-
tions). Let M be a C>° compact, orientable two manifold without boundary.

1) Let ¢ : R x M — M be a continuous flow. Then there exists a C* flow on M
which is topologically equivalent to p. Furthermore, if all minimal sets of ¢ are
trivial, then ¢ is topologically equivalent to a C* flow.

2) Let F be a continuous one dimensional orientable foliation with singularities on
M. If the set of singularities of F is compact, then there exists a C' flow on
M which is topologically equivalent with o.

Thus, for a continuous one dimensional orientable foliation with singularities, F
on M as in Theorem [6.612, the Poincaré—Hopf formula

X(M) = > PH(F,q)
qeEM
holds, particularly if PH(F,q) is well defined.
If in addition F does not have exceptional minimal sets in M, then ¢ can be
smoothed to a C'*° flow.

Proof of Theorem (A.2). We look at the singular analytic vector field X on M on
a disk centred at a singularity, as usual we denote it by ((D(0,¢),0), X).

Let p: D(0,e) = RT U {0} be a suitable C*° bump function germ vanishing at
infinite order at the origin 0, i.e. p(0) = 0 exactly at the origin 0 and whose Taylor
series is identically zero.

Note that pPRe (X)/|9Re (X)| is a C* real vector field on a punctured vicinity
D(0,¢)\{0} and it is a C° vector field on a whole disk D(0, ), with an isolated zero
at 0.

Let g be any C*° Riemannian metric on the compact Riemann surface M. Using
partitions of the unity and the above trick; there exists a global C* function
p1: M — RT U{oco} such that X; := p19Re (X)/ [Re (X)), is C° on M and C* on
M\Sx.

We can apply Gutierrez’s Theorem to the foliation F defined by X; on M.
There exists an associated C' flow and one C! vector field, say X5. Now, we apply
the usual C! Poincaré-Hopf index theory.

The proof of Theorem (A.2) is done. O

Example 6.7 (Index for admissible words of singular analytic vector fields on ((A:)
1. The vector field X (z) = eza% has associated the word
EE.

2. Let X(z2) = e”’ % be an entire vector field, its unique singularity is at co having
associated word (see Figure [IO)

HEESCHHEEEH.
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Comparing with Example (1512, we see that the cyclic word representative is
not unique, as is explained in Remark

3. On the other hand, let X (z) = (dzdfl)*lezd% = (zd)*(et%), for d > 2, be
a singular analytic vector field with a pole at z = 0 and an isolated essential

singularity at co. So by using that X is a pullback, as in §3]

H. H &.6¢&
—

——
2d 2d

are the associated words, respectively.
In the three cases,

> PH(X,q) =2
q€C
4. Furthermore, the vector field X (z) = ere~® % has a unique singularity at oo,
having associated word (see Figures 2 ()
&e8%.
Whence, using Theorem and the above ideas, it is possible to show that in
this case, once again PH (X, 00) = 2.

Remark 6.8. Notice that rule (A) of the construction of admissible words has an
equivalent statement in terms of the Poncaré-Hopf index:

(A’) A vector field X arising from an admissible word W must have Poincaré-Hopf
index an integer.

We define the Poincaré—Hopf index of an admissible word PH(Wx) using (G.5]).
Of course PH(Wx) = PH(X,0).

7. EXTENDING VECTOR FIELD GERMS TO COMPACT RIEMANN SURFACES

In this section we shall explore two results on the extension of germs. The first
result is more general in the sense that it does not require that the singularity be
isolated, as is required in the second.

Theorem 7.1 (Extension to some compact Riemann surface). Let ((C,0),X) be a
germ of a singular analytic vector field having a nonnecessarily isolated singularity
at 0. There exists an extended singular analytic vector field X ona compact Rie-
mann surface Mg, for each genus g > 0, such that the germ of)? at some p € Mg
is holomorphically equivalent to the germ X, with X having an additional finite
number of zeros and poles.

Proof. Let v : [0,1] — (C,0) be a simple closed path enclosing 0, without loss of
generality we assume that v avoids the singularities of a germ representative of X

on (C\{0},0).

Let I' = W o~y C C; be the image path under the distinguished parameter. T is
closed if and only if f,y wx is zero.

By a small enough perturbation of v we can assume the following conditions.

1) T is a polygonal (i.e. piecewise linear) path having edges T, and vertices v,,
(7.1) F={v}ulu{n}u...Tyu{vs} CCy,
with exactly s+1 different vertices if and only if fv wx # 0, or exactly s different
vertices (in which case vy = v;) if f7 wx =0.
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2) If « # j, then I', NT'; is empty or at most one point.

3) A half e-tubular neighborhood T C C; of T is well defined, for ¢ > 0 small
enough, such that ¥=!(7) is a topological annulus inside v C (C,0), homeo-
morphic to S x (—¢,0].

Let o be a piece of the trajectory of Re (X) in (C,0) having initial condition
~(0) = wp.

If the residue is zero, then ¥ = ¥U(o) C C; is exactly a horizontal trajectory in
T.

If the residue is nonzero, then there are ¥; = ¥(o), X3 = ¥(o) C C; two
horizontal trajectories in its image (by considering for ¥o, the analytic extension
of ¥ along «). Moreover, X1, X5 are in the boundary of T; see central drawings in
Figure @ a—b.

As first stage we want to recover My = C.

Case 1. T' C C; does not have self-intersections and is closed.

Assume that T is outside of I'.  The obvious solution is by gluing the closed
polygonal region Q C (C, at) which is bounded by T, using Corollary EI1l No
additional singularities of X appear. In this case, the original germ necessarily
satisfies PH(X,0) = 2

On the other hand, assume that 7 is inside of I', i.e. 7 determines the interior
half e—tubular neighborhood of a closed polygonal region Q C ( '3 t) The obvious

solution is by glueing the closed complement Q¢ C ((C, gt) in the Riemann sphere.

An additional double zero of X appears. In this case, the original germ necessarily
satisfies PH(X,0) = 0.
Moreover, a second solution will be illustrative in the other cases.

Example 7.2. Let (((C, 0), X) be a germ as in the case 1 above, and assume that
T determines the interior half e~tubular neighborhood of a closed polygonal region
K C C, having s > 3 edges {T,}.

I is a polygonal, having s > 3 edges {I',} (as vectors in C using the coun-
terclockwise orientation in the boundary 97). The sum of the internal angles
{6, v=1,...,8} of T is (s — 2)w. We identify all the vertices of T to the same
point ¢; obtaining a topological sphere S? minus a bouquet of s open disks. Apply-
ing Corollary B11] we glue to each closed geodesic ', U {¢} a semi-infinite height
cylinder Slll“Ll x [0, 00), where the sub-index |I",| denotes the perimeter.

We can recognize that every cylinder contributes with cone angle 7 around g and
the point ¢ has a cone angle (2s — 2)7. Hence ¢ is a pole of order 2 — s of a new
vector field X. The riemannian end of each cylinder is a simple zero of )? recalling
that each cylinder comes from (D(0,1), +i(27/ |, |)z5 ) as in Table

By the unlformlzatlon theorem, the resulting Rlemann surface is C. The resulting

vector field X on C has the original singularity germ X at some p € (C s simple
zeros, and one pole at g of order —(s — 2).
(The above generalizes the following: if X is nonsingular in the interior of 7', then
X is a polynomial vector field P(z )a_ on C. with s simple zeros having residues
T',/2mi. See Figures 2-4 in [50] and Figure 1 in [49].)

Case 2. T' C C, satisfies s = 2 in (), self-intersections are possible.
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We consider two sub—cases depending on the position of the half e~tubular neigh-
borhood T with respect to I' = {v U1 U{wv1 }JUT3U{w2 }; see Figure[@la—b. Without
loss of generality, we assume Jm (vg) < Jm (v2) and Re (vg) < Re (v1). V(o) has
two associated horizontal trajectories 31, X9 in Cy, arriving at vy and vs.

e In Figure [@la we identify the vertices vg, v1,vs to a point ¢. The cone angle of ¢,
determined by 7T, is

(72) Z (rl, e <%)> + 4(r2, —rl) ny <—me (%),—rg) — 4.

We glue to each geodesic I'; U {¢} a semi-infinite height cylinder S\lrj| x [0, 00).
The point g has a total cone angle 67, hence it determines a pole of order —2; see
Table Bl The riemannian end of each cylinder gives origin to a simple zero in X ;
see Table @l X on C has additionally a double pole and two simple zeros.

Let us make two remarks.

i) Equation (Z2) is independent of the assumptions Jm(vg) < Jm(vz) and
Re (vg) < Re(vy). The angle 47 remains constant under continuous deformation
of T,

ii) The choice of the cone angle determined by T at the extreme vertices vy and

v in the drawings (a)—(f), is due to the fact that the glueing of 7 must be an
oriented annulus (we must glue the geodesics of the vectors Re (%) at v, as in
Corollary [B.1T]).
e In Figure @b we identify the vertices vy, v1,v2 to a point ¢. The cone angle of ¢
determined by 7 is 2r. We glue to each geodesic I'; U {¢} a semi-infinite height
cylinder. The point ¢ has a total cone angle 47 and gives origin to a pole of order
—1lof X ; see Table Bl The riemannian end of each cylinder is a simple zero, see
Table @l Hence X on C has additionally a simple pole and two simple zeros.

Case 3. T' C C; satisfies s = 3 in (1)), self-intersections are possible.

We consider four sub—cases depending on the position of T respect to I' =

{vo} UT1 U{v1} UT2 U {ve} UT3 U {v3} and the possible self-intersections of T';
see Figure @lc—{. We assume without loss of generality that Jm (vg) < Jm (v2) and
Re (vg) < Re (v1). The two horizontal edges at the left of each figure are the images
of the trajectories of e (8%) at vg and vs.
e Considering Figure[@lc we identify the four vertices to the same point q. The cone
angle at ¢ determined by 7T is 5m. We glue to each circle I'; U {¢} a semi-infinite
height cylinder. The point ¢ has a total cone angle of 87 and is a pole of order
—3 of X. The Riemannian end of each cylinder is a simple zero of X. Thus the
resulting riemann surface is C.

The computations for drawings (d), (e), (f) are similar, we indicate in Figure
the cone angle determined by 7 at the new singularity q.

Case 4. T' C C; satisfies s > 4 in (), self-intersections are possible.

We use an inductive construction process with the above ideas. We leave for the
reader the details of the computation of the cone angle for any s > 4.

The case of X on My = C is done.

The second stage is My, for g > 1.

We perform the isometric connected sum of the flat surfaces (@, )’(Vl) and suitable
compact Riemann surface (N, X5); cutting C along one segment ¥ of trajectory of
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a) V()
OU )
—>
o
b) UH(T)
OU i
—>
2

c) I

FI1GURE 9. Half e—tubular neighborhood T and cone angle. Draw-
ings (a) and (b) are examples of I' C C; with 2 edges, having the
same trace but with different half e~tubular neighborhoods 7. Af-
ter identification, we get a sphere minus a bouquet of two open
disks. In (a) a double pole and two zeros are required (total cone
angle 47 + 7+ ). In (b) a simple pole and two zeros are required
(total cone angle 2w + m + 7). Drawings (c¢)—(f) present I' C C,
with 3 edges, the respective cone angle, determined by 7T, is the
odd multiple of 7 indicated below. Hence the total cone angle is
always an even multiple of 7. See proof of Theorem [T.1]

finite length with ends points at regular points p1, py of 55/1, and cutting N along
a segment of trajectory of Xo with the same characteristics, use [49] construction
1, pp. 242 or [66] 12.3, pp. 57. The connected sum CUN = Mg supports a new
singular analytic vector field X , having germs holomorphically equivalent to the
original germs of X 1, X and at least two new simple poles p; and ps. |

Note that, the complex structure of My in the above constructions, varies for
one fixed initial germ (((C, 0),X ) However, this variation is hard to describe, in
particular, we do not know if given X, all the complex structures for genus g > 1
can be attained by this construction.

Isolated singularities having admissible words is a natural case to study, we
provide a simple statement.

Corollary 7.3. Let (((C 0), ) be a germ of a singular analytic vector field having
an isolated singularity at 0 and determining an admissible word Wx . There exists
an extended singular analytic vector field X on (C such that the germ X at0eC is
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holomorphically equivalent to the germ of X, with X having at most an additional
pole and a finite number of simple zeros.

Proof. Recall that e, h, p, e denote the number of elliptic F, hyperbolic H, parabolic
P and entire & letters (sectors) in Wx. In fact, e = 0 implies that (((C7 0), X) is a
zero or pole as in Table [ in this case the result is elementary. By rule (A) of the
admissible words the case € = 1 is discarded. Hence we assume € > 2.

For each letter H, E, P, &, we consider a pair (S,, X,); Riemann surface (with
boundary) and singular analytic vector field. The four pairs, a priori germs, are
extended (see Figure [I0)) as follows.

i) (S1,X1) is (D(O,l),i)\gZ%) giving rise to a semi-infinite height cylinder
S217r/\>\2| x (0, 020), see Figure [0l a.

i) (99, Xo) is (H', %) giving rise to a half-plane; see Figure [0 b.

iii) (S3,X3) is (C,2-Z) with a horizontal geodesic cut along [1,00) C C giving
origin to two boundary geodesics of a cylinder Si_ x R; see Figure [0lc and
recall Table 2L

. R A o . . . . .

iv) (S4,X4) is (H™, €% 57) giving rise to a half-logarithmic spiral; see Figures I0l.d
and Bl

FIGURE 10. Word dualities. Four pairs (S,, X,); a Riemann sur-
face and a singular analytic vector field, provided with two geodesic
boundary components. The left letters describe the original angu-
lar sectors of a germ ((C,0), X). The right letters describe the
angular sectors at the corner point ¢. In cases (a), (c), simple ze-
ros of X, appear inside of the respective S,. See proof of Corollary

3l

Each (S,, X,) has two marked points in their boundary, it will be convenient to
rename these points as follows:

0 € 05, as the left angular sector in Figure [0, ¢ € 85, as the right angular
sector.

Summing up, we recognize that germs of (angular sectors or) letters W, €
{H,E, P, & of Wx are realized at the marked points 0 € 95,.

Moreover, in all four cases, the angular sectors H at the marked points ¢ € 0.5,
are well defined.
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We can identify S, topologically as one copy of {z | 0 < arg(z) < 27’7} C (E, where
(= (e+e+h+p).

More precisely, in the flat surface category, we perform the glueing of regions
(S,,X.), as in Corollary B.I1] following the cyclic pattern in Wx, to recover at 0
the original germ of ((C,0), X).

In order to show that the isometric glueing is well defined, consider a germ
representative of X on a disk D(0,e). Let lp/2 > 0 be the minimal gx—length
of the collection of boundary geodesic trajectories {o;} of the angular sectors of
{W,} inside D(0,¢e) which have finite gx—length. We can reduce the domain to
a neighborhood V' C D(0,¢) such that new representative of X satisfies that, the
gx—length of all the geodesic trajectories {o;} in V is exactly lo.

Without loss of generality, we require that (S,, gx,) have finite boundary pieces
of gx,—length ly in Figures[IOla and d, thus the isometric glueing is well defined.

The point oo € S? which originates from the marked right points ¢ € 95S,, defines
a new word and additional zeros, following the rules:

H <+— H at oo and an additional center C' inside S,

E <+— H at oo,

P <— HH at oo and an additional source-sink P inside S3,
& +— H at cc.

(7.3)

Where the left column means the original letters of Wx, and the right one comes
from considering the words S, at the new point oo € S2.

Whence X on a new Riemann surface M is obtained. The singularities of X at oo
and at the zeros inside S7, S3 (Figure [[0la and c), determine conformal punctures
in M, by the uniformization theorem we can recognize M as the Riemann sphere
C. This produces the desired vector field X on C having p + h simple zeros and
a pole of multiplicity 1 — (e + e+ h + p)/2 < —1 (= 0 means a nonsingularity),
recalling that (e + e+ h +p) > 2. O

Remark 7.4 (The extended vector field X on C depends on the choice of the germ
representative). Note that the numbers of sectors e, €, h, p depend on the repre-
sentative of the germ on D(0,¢); in particular, recall Remark I8 where class 1
entire sectors “produce” new elliptic and hyperbolic sectors as the radius ¢ — 0 in

(C,0).

The above construction is far from being optimal with respect to the number of
additional zeros and poles; see Corollary I0.3l

8. ENTIRE STRUCTURALLY FINITE 1-ORDER d VECTOR FIELDS &(d)

In 1994 K. Hockett and S. Ramamurti studied the dynamics of vector fields of the
form exp (P(z)) % with P(z) = 24 or P(z) = az® + bz + ¢, finding (verbatim [34])
“that the corresponding real flow has a ‘bouquet’ of d flowers with a common root
at the point at infinity and directions kw/d, k odd”. Furthermore, they conjectured
that “the dynamics of the corresponding case when P(z) is a general polynomial of
degree d is, up to conformal change of coordinates in the punctured plane, essentially
the same as that of P(z) = 27

We study the families of vector fields of the form X (z) = exp (P(z)) % with P(z)
an arbitrary polynomial of degree d, obtaining a complete analytical description of
these families. With this classification, we then show (amongst other things) that
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there are an infinite number of different topologies for PRe (X)) in each case d > 3, a
clear answer (in the negative) to the conjecture of K. Hockett and S. Ramamurti.
In order to do this we use the basic correspondence between vector fields X and
the global distinguished parameter Wy given by Lemma [2.6, thus the vector fields
X have a global flow-box (see §3:2 and the commutative diagram (LI)).
On the other hand structurally finite entire functions of type (r,d),

(8.1) Uy (z) = /ZR((j)eP(Od(j, P,RcC[z],

where r = degree(R), d = degree(P), and their classification, are classically well
known; see R. Nevanlinna [53], and M. Taniguchi’s seminal work on structurally
finite entire functions [67], [68]. With the above in mind, and using M. Taniguchi’s
notation, consider the following.

Definition 8.1. For d > 1, the family of entire structurally finite 1-order d vector
felds is

E(d) = {X(z) = /\eP(z)% ‘ P(z) = bozd + b1z 4 4 by, Aby # 0} .

Certainly the parameters A and by are redundant for £(d), but leaving both will
simplify the computations needed for the proof of Theorem Note that the
group Aut(C) is the larges@ complex Lie group that acts holomorphically by
pullback on £(d).

8.1. Revisiting the Riemann surface Rx associated to X € £(d). In the fo-
llowing sections, sufficient elements that completely describe (R X, w}‘m(%)) when
we restrict ourselves to X € £(d) are presented.

Remark 8.2. Recall diagram

TX,1

(C,X) (RXJT;(,Q(%))

23) N \ e

Using Lemma 27 for X € £(d), it follows that mx 1 is a biholomorphism and
mx,2 a ramified covering (with only logarithmic branch points, as will be shown
shortly). In what follows, we shall use the abbreviated form Rx instead of the
more cumbersome (R, 7T;(72(%)).

As usual (see for instance [53], [58], [66], [67], [68]), once the branch points
{b € Rx} under mx o are determined, the Riemann surface Rx will be described
as sheets C;\{suitable branch cuts} glued together in very specific ways. Since the
sheets are elementary blocks, an accurate description is pertinent.

Definition 8.3. Let {ax}i_; C C; be a finite set of different points with r > 1. A

sheet is a copy of C; with r branch cuts Lg; i.e. C; is cut along horizontal segments

10 Ayt(C) correspond to those Aut(@) >~ PSL(2,C) that fix co € €. Furthermore, X € E(d)
are global objects on C so Aut(C) is in fact the largest natural Lie group acting faithfully on £(d).
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Ly = [ax,00), remaining connected, but with 2r horizontal borders left there for
further isometric glueing

(8.2) Ce\M{Lihemr = [(Ct\(o Qx, 00 1 Q{ak, )+ [ax, 00) - }a

where the sub-indices =+ refer to the obvious upper or lower boundary using Jm ().
We say that the height of Ly is Jm (ax). Left cuts and left borders (oo, ax]+ are also
allowed, by notational simplicity the above equation is written using right cuts.

A diagonal of the sheet is

(8.3) Aop =5, C C\{ Lt

i.e. it is the oriented straight line segment, in the sheet, starting at a, and ending
at a,, here p,o € {1,...,r}.

The upper drawings in Figure [[1] provide examples of sheets and diagonals.

Since X € £(d) has no poles or zeros, then there are no finitely ramified branch
points in Rx. Furthermore, logarithmic branch points project, via mx 2 of diagram
@3), to the asymptotic values of Ux; see §4.3| for the appropriate definitions.

Given an asymptotic value a € @t, its preimages (under 7x 2) in Rx can be any
of the following: a regular point of Rx or a logarithmic branch point of Rx. Both
can coexist in the sense that 77;(}2 (a) can contain regular points and logarithmic
branch points on R x all of which project via 7x 2 to a.

The following lemma follows from M. Taniguchi’s results; see [67] and [68].

Lemma 8.4 (Existence of logarithmic branch points). Let ¥ : C, — C, be a struc-
turally finite entire function of type (r,d). Then W1 has 2d direct singularities, no
indirect singularities and r critical values.

Moreover, the direct smgulamtzes correspond to d logarithmic branch points over
d finite asymptotic values {a,} C (Ct, and d logarithmic branch points over oo € (Ct

Note that for X € £(d), Ux is a structurally finite entire function of type (0, d).
Further note that Wy is of 1-order d. In fact, the hypothesis that \I/)_(1 has d
logarithmic branch points over d finite asymptotic values, and d logarithmic branch
points over oo, implies that ¥ x is of 1-order d.

Proof of Lemma B4l Since oo € ((A:Z is an isolated essential singularity of ¥, a
consequence of the theorem of Denjoy—Carleman—Ahlfors (see corollaries 1 and 3
n [12]) is that ¥ has (at most) 2d asymptotic values, and all the transcendental
singularities U, of ¥~! over each asymptotic value are logarithmic.

Moreover, since W is a structurally finite entire function of type (r,d), then by
Taniguchi’s representation theorem (see theorem 1 of [67] or theorem 2.14 of [6§]),
it follows that:

= fz R(¢)eP©d¢ for R, P € C[2] of degree r and d, respectively.
2) The Riemann surface of ¥ is constructed from r quadratic blocks and d exp—
blocks by Maskit surgeries (corresponding to our isometric glueing Corollary

G.I1).
Hence W has r critical values (one for each quadratic block) and ¥~ has 2d loga-
rithmic branch points (two for each exp—block).
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It follows immediately that ¥ has: 1-order d, d finite asymptotic values (one for
each exp-block), d infinite asymptotic values (again one for each exp-block), and
r critical values (one for each quadratic block), all counted with multiplicity. ([l

The last result tells us that for X € £(d), the Riemann surface Rx has at least
two logarithmic branch points that do not lie over the same asymptotic value in
C,. In fact, as was pointed out by R. Nevanlinna (B3] pp. 291) “any many—sheeted
surface has at least two logarithmic branch points that do not lie over one another”.
However, in the particular case of X € £(d) for d > 2 the following result extends
this: Rx has at least three logarithmic branch points that do not lie over the same
asymptotic value in (Et.

Lemma 8.5. Let X € £(d), then \I/;(1 has d logarithmic branch points over a single
finite asymptotic value ay € Cy if and only if d = 1.

Proof. (<) When d = 1, \I!;(l has only one logarithmic branch point over a finite
asymptotic value. For a direct calculation, see (819I).

(=) We proceed by contrapositive. Suppose that d > 2, then \I/)_{l has d loga-
rithmic branch points over d finite asymptotic values (counted with multiplicity).
If we assume that there is a single finite asymptotic value a; € C, then it has
multiplicity d. Thus Rx has d > 2 logarithmic branch points over the same finite
asymptotic value a; € C; and d logarithmic branch points over co € ((A:t and no
other singular points. This space has d connected components, while on the other
hand, by Remark B2l R is biholomorphic to C,, which of course consists of only
one connected component. U

Hence for d > 2 the number of distinct finite asymptotic values is m > 2.

8.1.1. Logarithmic branch points of Rx. Given X € £(d), the distinguished pa-
rameter Wy has exactly d finite asymptotic values (counted with multiplicity). If
we denote them by

m
(8.4) {a;}7, C Cy, with multiplicities {v;}7"; and Z v; =d,
j=1
then 77;(}2 (a;) has one logarithmic branch point of Rx for each exponential tract
associated to the finite asymptotic value a;; see first and third lines in (88]).
Moreover, 7r)_()12(oo) has d logarithmic branch points since the asymptotic value
oo has multiplicity d.
In other words, if a(7) : [0,00) — C. is an asymptotic path tending to oo € C,
associated to the asymptotic value a € {ay,...,am,0} C ((Ajt, then we may assume
that «(7) is contained in one exponential tract and

Tlg{)lo Ux(a(r)) =a.

The exponential tracts will be in bijection with classes of asymptotic paths. With
this in mind we shall identify each exponential tract simply by a.

Thus, asymptotic values are actually pairs; (a,a), comprised of a value a € @
and the corresponding exponential tract «. Since logarithmic branch points lie
over asymptotic values, they are in correspondence with these pairs (o, a). In
particular, the asymptotic value a = oo has d different exponential tracts; each one
corresponding to a logarithmic branch point over oo.
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Remark 8.6. The logarithmic branch points associated to the isolated singularity
at oo € C,, are not in fact in

Rx CCZ X(/C\t.

Instead, see for instance [12], they lie on the non-Hausdorff closure C, x (Et of
C, x C;. Here,

(8.5) C.i= (CEx{1)u@xhu--u(Cx{2a))/~

is the sphere with 2d infinities, that is the disjoint union of 2d copies of the Riemann
sphere C with the equivalence relation ~, given by (z,0) ~ (z,p) for all o,p €
{1,...,2d} if z # o0.

Recalling Lemma[8.4] we will denote the 2d different infinities by {oo }24, C C..

Remark 8.7. Numerical computations suggest (and the analytical computations
found in §8.0 for the cases d = 1,2,3 show it in these cases), that lim W x(a(7))
T—00

is either finite or infinite when we allow «(7) to stay in one of 2d equally spaced
angular sectors about oo € @z. In fact the limit alternates from finite to infinite to
finite again as we go from one contiguous angular sector to another around co. This
is in agreement with the above, in particular, that there are 2d exponential tracts
arising from the 2d (counted with multiplicity) asymptotic values of ¥ x associated
to the essential singularity at co € (Ez.

Without loss of generality, by a renumbering in (83)) if necessary, we may assume
that the first d indices of co. € C, are the ones related to the finite asymptotic
values.

Given a € {ay,...,am,0} C ((A:t, we will denote by (00q,a) the corresponding
logarithmic branch point over a with associated exponential tract c.

Since a; has multiplicity v;, there will be v; asymptotic tracts for each distinct
a;. Moreover, the d logarithmic branch points over the finite asymptotic values lie

in C, x ((A:t, however, slightly abusing notation they are to be thought in Rx. We
will denote them by

(8.6) by = (005, 00) € Rx, for o € {1,...,d}.
The corresponding d logarithmic branch points over co € C, will be denoted by
(8.7) (0d40,0) € Rx, for o € {1,...,d}.

In summary, for finite asymptotic values, the correspondence between indices is

cel,...,yn,n+1,...,n+ve,...,d—vy+1,...,d,
(8.8) B
j=1jlo) € 1 , 2 ey m ,

where o enumerates the logarithmic branch points b, € Rx, thus j = j(o) enumer-
ates the distinct finite asymptotic values a; € C;, and o = a(o) = o enumerates
the exponential tractd] associated to the finite asymptotic values.

11We have opted to use a very simple enumeration of the exponential tracts suggested by
Remark [B7] but it is clear that a priori the enumeration is arbitrary.
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8.1.2. Global placement data. We also require information on where the different
ramified branch points of mx 2 are in Rx and their interconnection on the surface.

Definition 8.8. Let a,,a, € {a1,...,an} C C; be two distinct (finite) asymptotic
values of Wx and consider the oriented straight line segment a,a, C C;. The
inverse image 71';(}2 (m) = {Aysp} C Rx is a set consisting of an infinite number
of copies of G,a,. For each segment Ay,,, let dyop = Tx,1(Apsp) C C,. We
shall say that Ays, C Rx is a diagonal, and that a,, a, share the same sheet
Ca,,, \{suitable branch cuts} in R x, when the interion!q of dy,, is in C, and g4,
has as its endpoints co,, 00, € C,.

Yop

The above coincides with Definition B3l Explicit examples of the use of diagonals
appear in Examples through BI5l and numerical computations in Theorem
[B24 equation (8.29).

Abusing notation, we will usually drop the index ¥ so a diagonal associated
to a, and a, will be denoted by A,,, and sometimes by the segment b,b,, with
7x,2(bs) = as and wx 2(b,) = a,. In this case the sheet shared by a, and a, will
be denoted by Ca,,\{suitable branch cuts} in Rx.

There is a relationship between the diagonals A,, of Rx and the semi-residues
of X (Definition 4.8)). For A,, a diagonal associated to the finite asymptotic values
a, and a,, note that d,, = 7x,1(As,) has as its endpoints co,, 00, € C, and since
by, bs € Rx, it follows that

(8.9) S(wx, 004,000, 00p) = / wx =b, — by = Asp.

ap

Lemma 8.9 (Existence of diagonals in Rx). Assume that d > 2 and let a, be any
finite asymptotic value.

1) There ezists at least a diagonal A,, associated to it.
2) By fizing a second (different) finite asymptotic value, a,, the possible number of
diagonals in the collection {Ayqp} C 772_(712 (agap) ranges from 0 to d — 1.

Proof. Both assertions use that Ry is biholomorphic to C,; see Remark

Consider the logarithmic branch point (0o, @ ).

Suppose that there is no diagonal associated to it. This implies that a, does not
share a sheet, C;\{suitable branch cuts}, with any other finite asymptotic value.
In other words, the only sheets, C;\{suitable branch cuts}, of Rx containing the
branch point (c0,,a,) are of the form Ci\{Ly}, for L, = [a,,00); hence by the
same arguments as in Lemma [R5 R x will have at least 2 connected components,
leading to a contradiction.

Thus, there exists at least a diagonal associated to (0o, a, ), that is,

(8.10) A,, = (oog,ag) (oop,ap),

TX,2 (OO[,—,(IJ)) = Ay, WX,Q((OOMG’P)) = ap,

for some a, # a,-.

128ince d9sp is a path homeomorphic to [a,b] C R, by the interior of dys, we mean the
preimage, under the homeomorphism, of (a,b).



DYNAMICS OF COMPLEX ANALYTIC VECTOR FIELDS 185

Moreover, the multiplicity v; = vj,) of a; = aj) (see equation ([84)), is the
number of distinct preimages 71')_(’12(@]‘) = {(005y,a5), ..., (00q 41, -1,a;)}, for some
oo € {l,v1 +1,...,d — vy + 1}, which are endpoints of a diagonal.

For assertion (2), the upper bound follows by considering a finite asymptotic
value a, of multiplicity one and a finite asymptotic value a, with multiplicity d—1,
then the segment @, a, lifts via w;(’lQ to at most d — 1 diagonals. See Examples [R.14]
3. 10l ([l

8.2. Why is the description of Rx, for X € £(d) difficult? For X be in £(d),
we must completely describe, analytically, the Riemann surface Rx. In order to
do so, two combinatorial implicit obstacles are the following ones.

D.1. No canonical order can be given to {a,} the asymptotic values of ¥ x.
D.2. There is no preferred/canonical horizontal level 0,
Ca,, \{suitable branch cuts} C Rx,

that is to be chosen to start the description of R x as a combinatorial object.

8.3. d—configuration trees. We now introduce axiomatically certain trees capa-
ble of describing Rx from X € £(d).

We will denote by C* = {|z| €?®8(*)}, the universal cover of C*, where arg(z) is
the multivalued argument.

Definition 8.10. A d—configuration tree is a graph tree A = {V; E} with d vertices
d
Vz{@ = (oog,aa)} ,
o=1
where oo, € C,, a, € Cy, and d — 1 weighted edges
E= {(e,,p,xgp) | €sp starts at (o) and ends at (p), Xgp € @}
The following conditions must be satisfied.
For d = 1:
The 1-configuration trees are {@ = (ool, al); @}.
For d > 2:

1) (Existence of edges) There are no edges between vertices (o) and (p) if ar = a,.
2) (Weight of an edge) When an edge e,, exists its associated weight is

(8.11) }\Vgp _ (ap - ag) ei2rK(o,p) _ |ap _ a0| el argo(ap—aq)+i2nK(0,p) (E;’

where K(o, p) € Z.

3) (Minimality condition) There are at least two vertices, say (1) = (001, a1) and
(@) = (00g, ap) With a1 # a,, such that there is an edge €1, connecting them.
The respective Weigh satisfies

Mp=a,—a1 €C*, e K(1,0)=0.
Several remarks regarding the complexity of Definition [8.10] are in order:

Remark 8.11. 1. The vertices (o) will carry the information of asymptotic values
including their exponential tracts. An advantage of the (0) notation is that it
simplifies the d—configuration trees and their representation as in Figures [[Tland
The enumeration by the index o is not canonical; see D.1 in §821

13In order to make it easier to describe the geometry of the Riemann surfaces Ry, it will be
convenient to sometimes use Ay, instead of Ay, to emphasize when the argument lies in [0, 27).
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2. A d-configuration tree can be thought of as a graph tree embedded in C, x ((A:t.

3. The minimality condition (3) is not strictly required; it is a reflection of the
fact that C* (and hence Rx) has a logarithmic branch point over 0 € C;. This
condition identifies a suitable copy of C* in C* as the horizontal level 0. The use
of the minimality condition simplifies the notation of the d—configuration trees,
in particular their d-skeleton (see Example B3] and Definition [8T9).

Example 8.12 (Examples of d-configuration trees, d <3). 1. For d = 1; A =
{@ = (001,a1); @} as in Figure [[la.

2. Ford=2; A= {@ (001,a1), @) = (002,a2); (€12, \1 2)} as in Figure [[Ilb.

3. Ford=3;let ap =1, a; = 6’2”/3 and a3z = €*7/3 be the cube roots of unity,
Ao1 =ay —ag, \13 =az —ay, and Xlg = A\13e™7 (so K(1,3) = 2). By agreeing
that (1) = (001, a1),(2) = (002,a2),(3) = (003, az), then the following

(8.12) A={1®,@,®): (e21,A21), (€13, M13) },
(8.13) K: {@,@,@; (621,/\21),(613,X13)}

are two different 3—configuration trees; see Figure [[Ilc, d. Note that we have
chosen an order for this example where the starting vertex for the enumeration
is (2) and not (1) (see §82AD.1). Obviously, the minimality condition remains
true with A1 € C*.

Example 8.13 (Usefulness of the minimality condition). Consider a d—configuration
tree A = {V; E}, d > 2, with vertices

V= {(ooa,ag)}j:1 = {(ool,al), (002,(12), (003,a3), ey (ood,ad)},

where the asymptotic values {a,}¢_; C C;, have distinct imaginary parts, say
Jm(ay) < --- < Jm(agq), and edges given by

E = {(6004_17)\004_1) | )\Ug+1 = (ag+1 — ag), (s {1, e, d— 1}}
This d—configuration tree will correspond (as will be seen shortly) to a Riemann
surface R x with a logarithmic branch point over each a, .

Foreacho € {1,...,d—1}, the collection of segments {Ay s o417} C 71';(}2 (@ or1)
C Rx consists of exactly one diagonal and an infinite number of segments that are
not diagonals.

Furthermore, since the weights A, .41 € C*, all the d — 1 diagonals share the
same sheet C;\{Lyx}¢_; in Rx, (i.e. they all are on the same horizontal level of the
d—skeleton, see Definition BI9]). See Figure [[2la

Note that the minimality condition is trivially satisfied since all A\, ;41 € C*.

On the other hand, if the minimality condition was not present in the definition,
this example would change as follows.

A priori the horizontal level 0 (the starting sheet on Ry for the description of
the d-skeleton) could contain the logarithmic branch point (001, a1) corresponding
to the vertex (1) but not the diagonal (1)2). However, since all the logarithmic
branch points on Ry (corresponding to the vertices {(1),...,(d)}) lie on the same
sheet, then the weight A; 2 would have to include the information as to how many
sheets in Rx are needed to go up or down around the logarithmic branch point
(001, a1) before arriving at the sheet containing the other logarithmic branch points.
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lTrX,2 lﬂ'x’g

(e12,A12)

c) d)

lﬂ-Xl-Q lWX2,2

(e21,A21) g (e21,A21)
(ﬁs,Xm) g

)\13 # Xllﬁ

(€13, A13)

FIGURE 11. d-configuration trees (d < 3) and the corresponding
sheets in Rx. (a) corresponds to Example BI211. (b) corresponds
to Example [81212; here there is only one diagonal (1)(2) in a sheet
Ci\{Lx}2_;. (c) and (d) correspond to the two 3-configuration
trees of Example 81213, equations (812) and (8I3]), respectively.
Note that Aj3 # M 3, since they differ in the argument by 4x. (c)
has all three diagonals (denoted by the orange dotted lines) sharing
one sheet C;\{Ly}£_,, even though the diagonal associated to (2)(3)
is not used in the construction of the 3—configuration tree. (d) has

only two diagonals ((2)(3) is not a diagonal) and each diagonal lies
on its own sheet. The gray shaded regions correspond to the sheets
C,\{suitable branch cuts} necessary to construct the soul of the
d—configuration tree (see Definition in text) for each example.
Finite determination trajectories are denoted by black dotted lines.
As will be seen in the proof of Theorem B0 cases (c) and (d) will
each represent a Riemann surface: Rx, % Rx,, for X1, X5 € £(3),
with their associated wx, 2 and 7x, 2 as in diagram (20)).

187
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Thus A\;2 = (az — a;1)e?™8 (12 would in general have an argument not in [0, 27),
that is, K(1,2) assumes a value in Z\{0}. The d-skeleton would then have to
include K(1,2) vertical edges (with corresponding vertices) above or below the
vertex associated to (1) of the horizontal subtree.

As was mentioned immediately after Definition B8 in §8.1], for two fixed asymp-
totic values the number of corresponding diagonals that can occur as preimages
of Tx o, ranges between 0 to d — 1. It is now very simple to show this with d-
configuration trees.

Example 8.14. Consider a d—configuration tree A = {V; E}, with vertices

V= {(oog,ag)}jz1 = {(ool,cn), (OOQ,GQ), (003,a3), ey (ood,ad)},

where the d > 2 distinct asymptotic values are {a,}¢_; C C;, each with its corre-
sponding exponential tract (note that each pair (0o, (s), @) determines a distinct

point in C, x @t), and edges given by
E={(e10,M0) | Mo = (a5 —a1)e?™ 2 g e {2,...,d}}.

The corresponding Rx should have a logarithmic branch point over each a, .

For each o € {2,...,d}, the collection of segments {Ay1,} C 7T)_()12 (@1a,) C Rx
consists of exactly one diagonal and an infinite number of segments that are not
diagonals.

Furthermore, given o, p € {2,...,d}, o # p, there are no diagonals in the collec-
tion of segments {Ay,,} C ’iT;(}Q (@ra,) C Rx.

In other words, there are exactly d — 1 diagonals in Rx. See Figure [2lb.

Hence, C;\{a,}¢_; in Examples I3 and BI4 are topologically equivalent; il-
lustrating the obstacle considered in §82/D.1.

Example 8.15. Consider a d—configuration tree A = {V; E }, with vertices

V= { (000 ac) }j:1

with d > 2 and two distinct finite asymptotic values a, = as # a4 for o € {2,...,d},
the corresponding exponential tracts (once again each pair (004 (s), @s) determines

— {(001,611), (OOQ,aQ), (003,a2), . (ood,ag)},

a distinct point in C, x ((Ajt), and edges given by
E= {(elovxlﬂ) | chf = (a2 - al)ei27r(o'—2)’ o€ {23 < ad}}

The corresponding R x should have a logarithmic branch point over a; and d — 1
logarithmic branch points over as; the finite asymptotic values ai, as have multi-
plicities one and d — 1.

The collection of segments {Ay12} C W;(}Q (m) C Rx consists of exactly d—1
diagonals and an infinite number of segments that are not diagonals.

Once again there are exactly d — 1 diagonals in R x. See Figure [[2c.

8.4. Natural equivalences in £(d). As a guide to the rest of this section, we
remind the reader of the different categories that we study, and their natural equiva-
lences in the family of vector fields £(d).

Combinatorial category. In 85 the correspondence between classes of d—configu-
ration trees [Ax] and vector fields X € £(d) is proved.
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— —
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vertical vertical
l TX.2 edges edges
O,
A= (aqg—a1) l”xa lﬂ'xyg
3

. Ma—1 = (ag-1 —a1) )ei2m(d=2) Jei2m(d=2)

Xa=(aa—a XNa=(a2—a
. AMaot = (ag-1 — a)e?@) . a1 = (a2 — ap)e?7@d

A3 = (a3 — a1) idm

0 X14 = (a2 — aq)e
(3) XIS = (ag — (/ll)Ci27r

X12 = (a2 —a1)

® X14 = (a4 — lll)ei47r

A1z = (a2 — a1) Ais = (a3 — a1)e®"

A2 = (a2 — a1)

aq aq Ad—1
Qd—1

ag ap az
aq
az
a
ay 8

az

(b) (c)

FIGURE 12. d-skeletons, d—configuration trees and the correspon-
ding configurations C¢\{a,}¢_,. Bottom row shows C; with the
finite asymptotic values and segments @,a, (corresponding to the
projection under 7x o of the diagonals); the middle row shows the
d—configuration trees with the weights X,,p; the top row shows the
d—skeleton (see Definition [BI9]). (a) corresponds to Example BI3t
there is only one horizontal subtree, since the weights {\,,} C
C*. (b) corresponds to Example BT4t there are d — 1 horizontal
subtrees, each one consists of two vertices and a diagonal shown
in black bold lines; by starting the traverse of the d—configuration
tree from (2), each horizontal subtree is one level upwards of the
previous one, as can be appreciated in the corresponding weights
{Xl o« }; since there are d distinct finite asymptotic values the d — 1
diagonals project onto d — 1 segments in C;. (c) corresponds to
Example once again there are d — 1 horizontal subtrees as
in (b); the distinction is that there are only two finite asymptotic
values a1, as with multiplicities one and d — 1; thus the d — 1
diagonals all project down to the segment ara; C C;.
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Complex analytic category. Since £(d) is a complex manifold and Aut(C) is the
largest complex Lie group that acts holomorphically by pullback on £(d), there will
be a natural projection map

&(d)
Aut(C)’

m : E(d) —

Note that a priori the quotient space £(d)/Aut(C) need not be a complex manifold.
However, Theorem BT6] provides an affirmative answer. This is the subject of §8.6]

and §8.71

Flat singular surfaces category. The circle S acts by X — €% X leaving invariant
the respective flat metric gx, hence we have another natural projection map
E(d) E(d)
T3 & — .
Aut(C) Aut(C) x St

In this case the quotient space turns out to be a real analytic manifold, we examine
this in §8.7

Topological category. The orientation preserving homeomorphism Homeo(C)™
also act on &£(d) by pullback on the singular foliations of the vector fields Re (X),
thus there is another natural projection map

. €(d) &£(d)
2 Aut(C) - Homeo(C)*+"

The results concerning the image of 7o are presented in 8.8

As a summary, the combinatorial, analytical, geometrical and topological classi-
fication of £(d) is expressed in diagram (L2)).

8.5. Description of the family £(d) via combinatorial scheme.

Theorem 8.16 (d-configuration trees as parameters for £(d)).

1) Entire structurally finite 1-order d vector fields are in one-to-one correspondence
with classes of d—configuration trees, i.e.

E(d) = {[Ax] | Ax is a d—configuration tree} .

2) The family £(d) of entire structurally finite 1-order d vector fields is a complex
manifold of dimension d + 1.

The equivalence classes [A X} of d-configuration trees will be described in Re-

mark R.5.3]

Proof. Recalling Lemma to prove (1) of the theorem, it is enough to show
that the classes of d—configuration trees are in one-to-one correspondence with the
Riemann surfaces Rx for X € £(d).

40Once again Homeo(C)T correspond to those orientation preserving homeomorphisms of (E,

Homeo(C)™, that fix oo € C.
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8.5.1. First part of the proof: Given X € £(d) and its Riemann surface Rx,
we construct a d—configuration tree Ax.

Case d = 1. Let by € Rx be such that mx2(b1) = a1 (see Remark B, then
{(001,a1); @} is the 1-configuration tree determined by the finite asymptotic value
ay. For the explicit analytic expression of X see Theorem R.24] and Figures [I] and

Bl

Case d > 2. From R x, we shall identify the elements that will enable us to describe
it as a d—configuration tree.

1. Vertices of Ax. Following equations ([84]), (88), let the vertices be

d

V= { = o o } .

@~ (xman)}

2. Edges of Ax. It is natural to consider that the diagonals (Definition B8]
should be the edges, however there is a caveat (see (b)).

a) Let the edge e,, between (o) and (p) exist whenever the segment

Xy Oy ) (00, G is a diagonal A,,.
P> @p P

By Lemma [8.9] there is always at least one edge associated to every vertex and
there is always a path of edges that connects any two vertices.

b) If by considering (a) we obtain a cycle in the corresponding graph, choose any
one edge of said cycle and remove it; no information is lost. See for example

Figure [Ilc where the edge (1(3) is removed to avoid a cycle.
¢) Thus the edges will be in 1-1 correspondence with the set of diagonals described
in (a) and (b).
This provides us with a (nonweighted) tree that has d vertices and d — 1 edges.

3. Weights of Ax. In order to assign the corresponding weights to the edges, we
will need to traverse the tree. However, there is no canonical way of doing so (recall
821 D.1), hence the notation will get inherently complicated. An explicit example,
BI7 to help understand the assignment of the weights is provided; the reader may
follow along using Figure

Example 8.17 (Combinatorial aspects from sheets of an R x to its 6—configuration
tree Ax). Let Rx be a simply connected Riemann which is described as sheets
(Definition B3)) glued together in the following very specific way (see Figure [I3)):
There are six logarithmic branch points {(¢) = (004, a,)} over six distinct finite
asymptotic values {a, }S_; of multiplicity one.

In addition, we assume that for {o} :={1,2,4} C {1,...,6}, a sheet

(8.14) C\{Ls = [a5,00)}s=124 C Rx exists.

The sheet determines two edges and diagonals Ajs, Aoy whose extremes are the
corresponding vertices @, @, @ of Ax. Since the vertices share the same sheet,
we define the weights as

)\12:a2—a1, Aoy = aq — as e C*.

It is natural to say that the sheet ([BI4]) determines a horizontal subtree of Ax,
corresponding to the horizontal level 0 (since it contains the starting vertex of the
description of Rx as a combinatorial object).
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We assume the analogous in Ry for a second set {o} :={2,3,5,6}, a sheet
(815) (Ct\{LU = [ag, OO)}0=2,3,5,6 C Rx exists.

It determines the respective vertices, edges and weights in Ax, as well as another
horizontal subtree of Ax.

Furthermore, Rx contains three sheets of type Ci\{L2 = [az,0)}, forming a
finite helicoid (Definition [5.4)), and glued together to the sheets ([814) and (RBI5)
in such way that

X3 = (a3 — az) @K (E8) ¢ (E;v
where 2K (2,3) = —67 is the argument (measured inside R x) between the sheets
containing the diagonals Az and Agjs in the sheets (814), (BIH), respectively. In
other words, the sheet (8I0) containing Ass is K(2,3) = —3 levels (downwards)
from the sheet (8I4]) containing Aj,.

This finishes the construction of Ax from Rx.

Note that the sheets (8I4]), (8I3) also have half-logarithmic spirals (see Defi-
nition [B3) glued to them. The sheets of Rx inside these spirals (red vertices in
Figure [[3)) do not concern Ax. In the second part of the proof of Theorem [BI6]
recognizing Rx, for X € £(6), will become clear.

Assignment of the weights.

a) We start to traverse the tree at a leaf (a vertex of degree 1), without loss of
generality we will assume that said leaf is (1), and the edge corresponding to
the leaf is e1,. That is e;, connects the vertex (1) and (0)- We define the weight

)\19:0,9—0,1 eC* .. K(l,g):(),
hence (1), (0) share the same sheet in Rx, thus achieving the minimality con-
dition. This exhausts the edges containing the leaf @

b) Now standing at the vertex @, we can choose a vertex (o), with o # 1, g, such
that the edge e, exists. The associated weight is defined as in (8II)) by

(8.16) XM = (as —ap) e2mK(20) — g, — a,| e ot —ar)+i2rK(e.0)

where 27K (p,0) is the argument (measured inside Rx) between the sheets
containing the diagonals A, and A,,.

Note that geometrically K (g, 0) € Z corresponds to the number of sheets in
R x that separate A;, and A,,.

As is usual (for instance on the Riemann surface of the logarithm), going
around a ramified branch point counterclockwise makes us go “upwards” on
the ramified surface and hence the number that separates the sheets is posi-
tive. Similarly, going around the ramified branch point clockwise makes us go
“downwards” on the ramified surface.

c¢) Continue the construction as in (b) for all the edges that contain the vertex
(0), assigning the corresponding weight just as before. This exhausts the edges
containing vertex ().

d) Standing at the vertex (o) of the edge e,,, we can now choose a vertex (p), not
equal to the ones already traversed, and such that the edge e,, exists. Once
again, define the weight, as in (811]) by

(8.17) /\Up _ (ap _ ag) eiZﬂ'K(O',p) — |ap _ ao| eiargo(a,,—aa)—i-i%rK(o,p)’

where 27K (o, p) is the argument between the sheets containing A,, and A,,.
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horizontal
@M ovel 0

-

6—skeleton

(e35,A35)

(€23, A23)

(e36, A36)

vertical
edges
TX,2

(e24,A24)

(e12,M12)

(e36, A36)

FIGURE 13. A 6-configuration tree Ax and its 6-skeleton (cor-
responding to Example BI7). In the case pictured, the weights
A12,A24 € C*, i.e. have arguments in [0,27) so the vertices @,
@, and @ together with the edges (e12,A12) and (ez4, A24) give
rise to the horizontal level 0. On the other hand, ng € C* has
argument in [—67, —47), while A35, A3 € C*, hence the subtree,
in the 6-skeleton, formed by the vertices (2), 3), (5) and (6) is 3
levels downwards from the horizontal level 0. Note that the weight
Ao 3 gives origin to Aoz € C*, while A2, Aoy, A35 and A3 all lie
in C*. The red shaded elements in the figure are a representation
of the semi-infinite helicoids that are glued to the soul of Ax to
obtain the surface R x.
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e) Continuing in this way until all the vertices are exhausted, we assign weights
to all the edges.

We have then constructed a d—configuration tree Ay associated to X.

Remark 8.18. Note that there might be other d—configuration trees associated to
X since in §85.112.b there could be a choice when assigning the edges. This will
be addressed in §8.5.3

8.5.2. Second part of the proof: Given a d—configuration tree Ax, we construct
a simply connected Riemann surface Rx with d logarithmic branch points, i.e.
X e &(d).

The construction will proceed in two steps, we will first construct an auxiliary
tree, the d—skeleton (see definition below), describing the embedding of Ax in
C.x @t. As a second step, from the d—skeleton we will construct a simply connected
Riemann surface Rx with d logarithmic branch points.

The d—skeleton will contain the same information as A x, with the disadvantage
that it is more cumbersome to express, but with the advantage that it will allow us
to clearly identify the equivalence classes of Ax.

1. Construction of the d—skeleton. We extend a d—configuration tree

Ax = {@= (c0ra0)y_y: {(eop Ao} }-

by the following procedure (see Figure [[3]).
First recall that for each weighted edge, (esp, Asp), that starts at (o) and ends at
®): the weight can be expressed as

~ 2mK (o,
Xop = Agp €27 (o P)7

with \,, € C* and K(o,p) € Z.

I) For each vertex (0) = (004, @0, 00), of the original Ax:
a) Let

Kpax = max{0, K(o,p)} and Kpin = min{0, K(o,p)},
p p

where the maximum and minimum are taken over all the edges that
start at (o) and end at (p).

b) Construct a vertical tower associated to (o) consisting of exactly (Kyax—
Kmin +1) copies of the vertex (0) joined by (Kmax — Kmin) vertical edges
(without weights). We shall assign, consecutively, to each vertex of the
vertical tower a level: an integer starting at K, and ending at Ky ax.
Call the increasing direction up and the decreasing direction down.

At this point the vertical tower will have vertices of degree 2, except for
the vertices at levels K, and K. which have degree 1.
IT) We proceed with the construction.

a) Replace all the vertices with their associated vertical tower.

b) The edges require a little more finesse: The edge, (esp, X,,p), is to end at
the level 0 vertex of the vertical tower associated to @ Furthermore, it
should start at the level K(o, p) vertex of the vertical tower associated
to (@).

¢) Finally, replace the weights Xgp by Asp-
Definition 8.19. We shall call this tree the d—skeleton of Ax.
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The d—skeleton has the following properties (see Figure [[3)):

A) All edges that are not vertical are of the form (es,, A\sp) With Ay, € C*. We
shall call these horizontal edges.

B) Consider two horizontal edges (e5p, Aop) and (e,r, Apr) on the d-skeleton that
share the vertex @ in the original d—configuration tree Ax. We shall say that
the horizontal edge (ey-, A7) is K(p,T) levels upwards or downwards of the
edge (€sp, Asp) in the d-skeleton depending on whether K(p,7) is positive or
negative, respectively. In case that K(p,7) = 0 we shall say that the edges
share the same horizontal level.

C) The d-skeleton has horizontal subtrees formed by the horizontal edges on the
same horizontal level. From the minimality condition the weight Ao € C*,
hence the subtree containing (ej2,A12) will correspond to the horizontal level
0 subtree of the d-skeleton.

D) By collapsing the vertical edges of the d-skeleton we recover the original d—
configuration tree, losing the information of the argument of the original weights
Xgp. This collapsing of the d—skeleton can also be thought off as the projection
mx,2 to the original d-configuration tree; see Figure [[3

2. Construction of Ry from the d—skeleton. For simplicity, let us first assume
that the m distinct values {a;)}7(,)—; C (C, £) arising from the vertices (@) =
(004, a5 ), lie on m different horizontal trajectories, i.e. Jm(ay) < -+ < Im (am,).

There are two types of vertices on the d—skeleton; those that do not share hori-
zontal edges (these are the vertices with vertical edges, i.e. on the vertical towers)
and those that share horizontal edges (the vertices that belong to a horizontal
subtree).

Remark 8.20. Combinatorial aspects of a sheet, from the d—skeleton to Rx. We
recall Definition

Case 1. If we have a vertex (o) with only vertical edges attached to it (there are
only two such vertical edges), then we obtain a sheet C;\{L,} with only one L,.
Note that the two boundaries [a,,c0)+ correspond to the vertical edges.

Case 2. If we have a horizontal subtree in the d-skeleton, say with vertices ,

then we obtain a sheet C;\{L,,};. Once again the edges e,, correspond to the
diagonals A,, C C,\{Ly, }e.

We proceed with the construction.

a) Replace each vertex! that does not share a horizontal edge with a copy of
(Ct\LO-.

b) Given a horizontal subtree with s vertices, let vy, for £ € {1,...,s} be its
vertices. Denote by the vertex, of the original d—configuration tree, to
which the vertex vy projects down to. Replace the given horizontal subtree
with a copy of

C\{Lo, Yimr,

15Recall that all the vertices of the d-skeleton are either the original vertices @ of the original
d—configuration tree, or copies of them. Thus any vertex in the d—skeleton projects to a unique
vertex on Ax.
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where each L, is the horizontal branch cut associated to the vertex . Since

9

5> then none of

all the values {as,} lie on different horizontal trajectories of
the horizontal branch cuts L, intersect in C;.

¢) Continue as in (b) for every horizontal subtree.

d) Note that we obtain stacked copies of C;\L, and C;\{L,,};_,, but they retain
their relative position with respect to the d—skeleton, by the fact that we still
have not removed the vertical edges of the d—skeleton.

e) On each vertical tower, say the one associated to the vertex (o), glue together,
using Corollary [B.1T], the horizontal branch cuts by alternating the boundaries
of Ci\ Ly, so as to form finite helicoids (recall Definition (.4) glued together
over the vertex (¢), making sure that all the finite helicoids go upwards when
turning counterclockwise around the vertex. Note that these finite helicoids
replace the vertical towers in the d—skeleton. Erase the vertical edges of the
d—skeleton.

We obtain a simply connected surface constructed from the d-skeleton that has
as boundary horizontal branch cuts [a,,00)_ U [a,,00)+ associated to the values

{aa}gzl C Ct.

If some of the values {a,}¢_; C (C, ) arising from the vertices (o), lie on the
same horizontal trajectory of %, then by Sard’s theorem there is a small enough
angle 6 > 0 such that the set of values {a,} C (C, €2 ) lie on m different trajec-
tories of eiea% (in fact any small enough angle 6 # 0 will suffice). Proceed with the
construction (a)-(e) as above but using €L, instead of L, for the construction.
Note that for small enough # > 0 all the surfaces obtained are homeomorphic.
Finally, let # — 0+ and consider the limiting surfacdd.

Definition 8.21. We shall call this surface the soul of the d—configuration tree Ax.

In Figure[IT] we can observe the soul of d—configuration trees for d = 1,2,3. An ex-
ample of the soul of a 4—configuration tree is in Figure[I9 Applying the construction
(a)—(e) to the 6-skeleton of Figure [[3] one obtains the soul of the 6-configuration
of Example RIT

Finally, glue a semi—infinite helicoid to each of the 2d boundaries of the soul of
Ax to obtain a simply connected Riemann surface R x that is many sheeted with
d logarithmic branch points over finite asymptotic values. In fact, this surface is
realized via Maskit surgeries with d exp—blocks, so, by [67], [68], it corresponds to
a function

Uy € SF, 4= {/ R()eP©d¢ +b ‘ P,ReC|z], degR=r, degP = d},
E)
with r = 0, that is, Ux(z) = f; A~le~Pd¢ with P(z) a polynomial of degree d.

Finally, assign to Rx a flat metric (Rx, 7r§(72(%)) induced by mx 2. By Proposition
B3] our sought after vector field is

X(z) = \Il}(%)(z) = )\ep(z)% € &£(d)

as required.

16This construction need only be applied if at stage (b) of the construction, some of the vertices
vy on a given horizontal level have their corresponding values {as, } on the same trajectory of %
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Remark 8.22. Each semi—infinite helicoid (associated to the finite asymptotic values
a,) provided with the flat metric 7% ,(-2) is biholomorphic to a half-logarithmic
spiral associated to the asymptotic values a, and oc.

8.5.3. Third part of the proof: The equivalence relation on d—configuration trees.
Let us summarize the parameters that define the d—configuration trees:

1) We have d — 1 parameters {\,,} C C*.

2) The choice of starting vertex (1) = (001, a1), a1 € Cy, to traverse the d-configura-
tion tree, which in fact is a choice of an asymptotic value (together with its
exponential tract). Hence we are also determining a horizontal level 0 in the
d—skeleton.

3) The choice of the lower limit of integration zg for the distinguished parameter
U(z) = f;o wx. Note that this choice is equivalent to choosing an “origin”
bo = (20,0) S RX

Even though (2) and (3) above are related, they are not equivalent.

From the above, Remarks and B8 it is clear that there is a hidden equiv-
alence relation amongst the d—configuration trees. In fact, given a d—configuration
tree there are many choices for the starting vertex for the construction of R x and
for how to traverse the d—configuration tree. Moreover, recalling that there is a
choice of the edge that needs to be removed when a horizontal cycle of diagonals
appears on a horizontal subtree (see §8.5.112.b), it is clear that the d—skeletons ob-
tained from any of the above choices are equivalent in the sense that they give rise
to the same surface Rx.

So we have:

Definition 8.23. Two d-configuration trees are equivalent,
Al ~ A27

if their corresponding d—skeletons are the same up to:

1. Relabelling of the vertices.

2. Choice of the horizontal level 0.

3. Choice of which edge to remove when a horizontal cycle occurs (see §85.112.b
where the edges of Ax are assigned).

Note that the d + 1 complex parameters, {zo, (001, a1), {Xc,p}ffl} defining A x

are continuous, and they form local charts for £(d) as a complex manifold of di-

mension d + 1.
The proof of Theorem [R. 16 is done. |

We now have three compatible atlases for £(d) as a complex manifold:

e The one given by {zo, (c01,a1), {X,,p}cll_l} defining Ax.

e The more “natural” charts that arise from the d + 1 coefficients {(bo,...,bq)} C
C4*1 of the polynomial P(z) defining X € £(d).

e The final one given by the d roots of P(z) and the coefficient A, as in Definition
BIl

8.6. Normal forms for X € £(d), when d = 1,2,3. We examine low degree
cases for X € £(d), where one can actually come up with explicit expressions for
m : E(d) = £(d)/Aut(C) in diagram ([2) and for the finite asymptotic values
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{as}. A normal form is a representative of an equivalence class in £(d)/Aut(C), in
general it is not possible to choose a canonical representative.

Theorem 8.24. The normal forms in E(d)/Aut(C), d < 3, can be given as follows:

For d=1, 625.
0
For d=2, I 6z2$7 weC.
0
For d=3, ue(_%zﬁrpz)&’ peC, peC.

Furthermore, explicit expressions for the finite asymptotic values are given by (819,
B21), B2]), for d = 1,2,3, respectively.
Proof.

Case d = 1 (Normal form). Given a singular analytic vector field
0
X(z) = ezt =y £0
(Z) 827 0 # Y

then by considering the affine transformation T'(w) = %w — %, the pullback

vector field is
> 0
8.18 X =(T"X =e¥—.
(8.18) (1) = (T"X) (w) = e
Finite asymptotic value. If U(z) = f; e bo¢=b1de  then a straightforward cal-
culation shows that
\I’(Z) _ bal(e—(bozo-‘rbl) _ e—(boz-i'bl))7

hence letting boz = re?® one has that

6
li_>m e~ (rCTHb) — L o be (3,32
™ o0

So the finite asymptotic value of ¥(z) is
(8.19) bote(bozotb)

with finite determination paths being those paths ~ that tend to oo € (Ez with
argument in (=% — arg(by), 5 — arg(bp)). See Example BI2/1 and Figure [Tla for
the 1-configuration tree A and its soul.

Case d = 2 (Normal form). Given a singular analytic vector field of the form

2 0
X (=) = eltos bt 2 gy 0,

)

then by considering the affine transformations T} (w) = ﬁw — ;Tlov where j = 1,2

indicates the choice of square root, the pullback vector field is

~ 2 0 ) b?
(820)  X(w) = (T/X) (w) = p;e” S with p; = \/bo exp (—j + bz) )
0

Hence p; € C* is the complex parameter that completely determines the class of
X € £(2)/Aut(C). See Figures [[3] and [I6] for the generic examples of the phase
portraits.
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Finite asymptotic values. If ¥(z f ebo¢?—bi1¢—b2 d(, then there are exactly
two finite asymptotic values of ¥(z) given by.

a, % (—erf (\/%zo + #%) + 1) ,

(8.21)

a2

2{( erf(%zo—i— \/—)—1),

with finite determination paths being those paths 'y that tend to oo with argument

in [~ — argv/bo, 5 — arg /by ] or [3 — arg vy, °F — arg vy .

Let 7, be a path starting at zg and ending at z in C. From (820)

z ) ijl(z) 1
T(z) :/ e~ bom *b1"*b2dn:/ —e <,
20 T (20) M

and letting wy = Tfl(zo) and w = Tj_l(z), we have that

J
wo J wo
N()V\/ Il()( iCiIlg tllal

0 —wo
1 2 1 ez N3 VT
— ¢ I 9 . _ - _v°
- /e d¢ " O/ e ¢ d¢ 5 erf (—wp) 5 erf (wyp) ,

Hj Hj
and since
1 when arg (Tj_l(z)) €[-%,1],
lim erf (T5'(2)) = { =1 when arg (T} (2)) € [%F, 5],
0o when arg (T;'(2) € (F, %) U (%, ),

equation (8ZI)) follows. Note that the closed intervals where the limit is finite is
not a typographical mistake, but a characteristic behaviour of the error function.

From Corollary .18 the configuration of finite asymptotic values modulo trans-
lations is the parameter that determines the class

(322)  [lon,aal] =tz —a) = XE =iz, py = YT

oy ap —az

‘We have an orbifold structure for

£2) o C _ A{llar,a0]]}
Aut(C) ~ Zy Zy

where the Z, action identifies p; with —pu;. It is convenient to note that in this
case the asymptotic values a; and ao always share a sheet on Rx and, in fact, the
segment biby € 7r)_(,11 (@1az) is the unique diagonal Ajs. See Example BI212 and
Figure [[Ilb for the corresponding 2—configuration tree Ax and its soul.

(8.23)

Case d = 3 (Normal form). Given a singular analytic vector field of the form

X(z) =exp (b0z3 + 0122 +boz + bg) by #£ 0,

9
0z’

17Here erf is the usual error function originating from the integral of the exponential of z2.
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there exists 3 affine transformations T}, j = 1,2, 3, such that the pullback vector
field is

S . 1 4 0
(8.24) X(w) = (T; X) (w) = pexp <—§w +pw) S
In order to show this consider the affine transformations T} (w) = a;w + 3; with
a; = (—ﬁ)l/3 and 3; = —31’710, where j = 1,2, 3 indicates a choice of the cube
root, then the pullback vector field is (824]) with

203 — 9bob1 by + 27b2bs b? — 3bobo
— (=3} 1/3 1 0 0 d _ A
( 0) exp 27b(2) an 7(_3170)4/3 )

where we omit the sub—index j indicating the choice of cube root in p and p.

Thus showing that in case d = 3 the local geometry of the normal form is
completely understood by the local parameters p # 0 and p. In fact, £(3)/Aut(C)
is a complex analytic variety of (complex) dimension 2.

Finite asymptotic values.

Lemma 8.25. Let
1 1,3
Ailp,2) = g [ eb g,
211 L(z)
be the Airy integral, where A = {z € C | arg(z) € (7/6,37/6)}, L(z) := L(z,7) :
[0,1] — A is a simple C* path starting at 0 and ending at z, then:

1) Ai(p, z) is an entire function of p and is (malytzc in A as a function of z.
2) Furthermore, Ai(p,z) is in fact analytic in A = AU €27/34U e~127/34 and
AZ(}L eiiZTr/?)z) _ eiz?ﬂ/SAZ(eizQﬂ'/3p’ Z)

Proof. Let £(z) be a path as above and let £(z) be the conjugate path traversed in
the opposite direction (i.e. starting at Z and ending at 0). Then £(z) = £(z)UL(z)
is a piecewise C' simple path symmetrical about the real axis in C that starts at
Z and ends at z. Denote by L the limit path obtained from E( ) by letting z tend
to infinity along A. Then

. = 37
Ai(p) = o Ee.%C Ped¢

is the usual Airy integral which is in fact an entire function of p (see [56], pp. 53).
Moreover,

Ai(p) = 27” fAesC —rq(¢
= 3 1 163
(8.25) B z—>oo{27rz Joiy €3¢ THAC+ 55 [ry et PCdg}
. 2
- ZILH%O {A/L(p7 + #Ime%(g_pcdc}’
z€

hence in fact Ai(p, z) is an entire function of p, and is analytic as a function of
z € A, as stated.
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For the proof of statement (2) of the lemma, consider that
eii27r/3AZ~(eii27r/3p, Z)

+i27/3 )
_ & / / eéCS_(eiz2ﬂ/3p)<dC
L(z)

211

(826) B 1 e%(eiizw/sos,_p(eiizw/sc)eiuﬂ.wdc

211 L(z)

= L eécg_pCdC = .Ai(p,eii%mz). 0
27TZ e:l:i27r/3£(z)
Furthermore, note that the last integral appearing in (825 is in fact equal to

1 1.3 1 zZ 1.3 1 em /%2 1.3
— e3P = —— est TP = —— ess TPedC
211 o) 2mi Jy 2mi Jy
— — Ai(p, e7i27r/3z) _ _efi27r/3A,L-(efi27r/3p7 z),

for z € A, so in fact, we have

(8:27)  Ai(p) = Ai(p) — e P Ai(e~*"/3p), Ai(p) = lim Ai(p, 2).
zEA
Corollary 8.26. Let ¥(z) = i)l%e%@*pCdC, where w = Tj_l(z) and wy =

T;l(zo), then there are exactly 3 finite asymptotic values of ¥(z) given by

211 P ; . . 27
(828) aj+1(ﬂ;p) = 7 (njAZ(an) - Al(p, wO))v J= 0, ]-7 23 n==e 2 /3a

with finite determination paths ending in A = {z € C | arg(z) € (7/6,37/6)},
€27/3 A and e=2"/3 A for j =0, 1 and 2, respectively.

Proof. 1t is a straightforward calculation using the previous lemma. The three finite
asymptotic values depend on the specific finite determination path « chosen:

e ifyendsin A= {z¢€C | arg(z) € (7/6,37/6)}, then j = 0son/ =1,

e if v ends in €2™/3 4, then j = 1 so i = e27/3,

e if v ends in e72"/3 4, then j = 2 so i = e~27/3, O

In the case of £(3), the configuration of finite asymptotic values modulo trans-
lations (see once again Corollary LIR)) are the classes

(la1, az, as]]

consisting of the three finite asymptotic values modulo translations, which are in
1-1 correspondence with the triangles having vertices aq, as, az. Using (827, it
follows that the sides of the triangle [[a1, a2, as]] are given by the absolute values of

Xlg = a3 —a = _%Al(p%
(8.29) A21 = a1—ay = _eﬂﬂ/g%Ai(ei%/gp)’
A32 = ax—az = % [Ai(p) - ei%/?’Ai(ei%/Sp)] )

where Xjk = \jp€2™KGk) " with \j, € C* and K (j,k) € Z, as in (8II). As seen
in the explicit construction of the vertices of the triangle (also see [53], pp. 291), it
is not possible to have a fully degenerate triangle (all finite asymptotic values of ¥
being the same). This finishes the proof of Theorem a

With the above conventions, we have proved the following.
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Corollary 8.27. The 3—configuration tree Ax, for X given by [824), is
Ax = {@ = (001,01)7@ = (002#12),@ = (003, a3); (621,X21)7 (613,X13)},

where we choose @ to be the starting vertex, hence X21 e C*. O

Remark 8.28. This relates to Example BI1213 and Figure [T}
The 3—configuration tree and its soul in Figure [[Tlc correspond to the case when
the diagonals all share the same sheet C\{L,, U Ly, U L,, }.

On the other hand, Figure [[Ild corresponds to the case when the diagonal (2X1)

lies in the sheet C\{L,, UL, } and the diagonal (1)3) lies in the sheet C\{L,, UL, }
forming two horizontal subtrees separated by a vertical edge on the 3—skeleton.

Note that 001, 009, 003 corresponds to the exponential tract denoted by A, €27/3 A,
e~27/3 A respectively, in Corollary Moreover, these 3 equi—angular sectors
at oo € ((A:z have 3 other sectors interspersed where ¥ has oo as asymptotic value,
this in accordance with Remark B7

8.6.1. Global geometry of £(3)/Aut(C). Contrary to the case d = 2 (see ([823))), for
d = 3 we need more than just the triangles [[a1, ag, as]] to determine X. In what
follows we examine numerically the holomorphic mono—parametric family

€, — £, pr X(5) = et
where we have fixed p = 1 in (824]), since p acts as a homothety of the triangle
[[a1, aq, as]] of asymptotic values.

For each p € C,, in Figure [[4la, corresponds a triangle [[a1, a2, as]] in Figure
4lb, where without loss of generality we assume that a; = 0. With the above
assumptions, and considering (829) together with the notation of Remark B28] we
can now observe the following (a Mathematica CDF file, corresponding to Figure
[[4] is available as electronic supplemental material).

1. The blue curves in Figure [4la indicate where fRe (a3) = 0, so in the correspond-
ing triangle the side ayag (depicted red in Figure[T4lb) is vertical; the red curves
in Figure [[4a are where Jm (a3) = 0, so the side @jaz is horizontal. The green
and orange curves indicate where Re (az2) and Jm (ag) are zero, respectively (the
corresponding triangle will have the blue side @aza; being vertical or horizontal,
respectively).

2. The blue dots correspond to the case of the degenerate triangle when a3 = a; = 0
(exactly on the zeros of the Airy function Ai(p)). The black dots correspond to
as = a1 = 0, and the brown dots to ag = as.

3. The green dots correspond to two particular choices of parameter p that give
rise to the two triangles depicted in Figure [4lb. The origin in C, corresponds
to the equilateral triangle depicted in Figure [4lb, while the other green dot
(lying on the intersection of the dotted brown curve and one of the red curves)
corresponds to the isosceles triangle.

4. In general for p € C, the segments O3, @@ and 2(3) in Rx, are not
all diagonals (recall that mx 2(b;) = a;); in fact, the three segments are all
diagonals if and only if a1, ae, a3 are all distinct and share the same sheet on
Rx. Furthermore, since we have fixed a; = 0 € C; we may assume without
loss of generality that the side @zaz (colored purple) is never a projection of a
diagonal (except in the case just considered). See Definition B8 Figure [Tlc—d.
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5. By moving p along one of the dotted lines (or along the negative real axis) the
associated triangle changes and eventually repeats itself (modulo scale). We
shall examine in detail three scenarios by considering the triangle [[a1, az, a3]]
on C;, and the diagonals on R x.

a) Moving p along the negative axis (away from the origin) makes the side
aza7 (colored blue) go around the origin counterclockwise, thus on Rx the

corresponding diagonal (2X1) changes sheet every time p crosses two orange
curves.

b) Moving p along the dotted black lines (away from the origin) makes the
side ajas (colored red) go around the origin clockwise, thus on Rx the

corresponding diagonal (1)(3) changes sheet every time p crosses two red
curves.

¢) Moving p along the dotted brown lines (away from the origin) makes the side
araz (colored red) go around the origin counterclockwise and the side azay
(colored blue) go around the origin clockwise, thus on R x the corresponding

diagonal (1)(3) changes sheet every time p crosses two red curves and the

corresponding diagonal (2X1) changes sheet every time p crosses two orange
curves.
6. Relating the configuration tree Ax to (5) above, the argument of the weight A 3
changes by +m every time that p crosses either an orange or a red curve.

. — 4

%
6 ’\-
4 SN 2t

)
2
0 O ot a az
Sl ay
20

—al 1 az

/%/4 4
_ft = 0 % ra -4 -2 0 2 4

(C for fixed p = 1. (b) Triangles [[a1, az, as]].

FIGURE 14. We depict in (a) the p-parameter plane C, for
E(3)/Aut(C) fixing p = 1, and (b) the corresponding triangles
[[a1,az2,as]], with a3 = 0, in C;. The green dot at the origin in (a)
corresponds to the equilateral triangle, the other green dot cor-
responds to the isosceles triangle. Moving the parameter p in (a)
deforms the corresponding triangle in (b). See §8.6.1] for further
details.

8.7. The quotient space £(d)/Aut(C) and flat metrics. Continuing with the
study, started in §8.G of the normal forms £(d)/Aut(C) for general d > 2, and
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including the flat metrics £(d)/(Aut(C) x S*) alluded to in diagram (L2)), we can
now state and prove the following result.

Corollary 8.29 (Normal forms and flat metrics up to isometry, d > 2).

1) Normal forms: Ai(t(é)c) is a complex manifold of dimension d — 1.

2) Flat metrics: % is a real analytic manifold of dimension 2d — 3.

Note that the complex dimension alluded to in (1) of the corollary has been
explicitly calculated, in the previous section, for the cases d = 1,2, 3.

Proof. The space of polynomials can be parametrized by the roots up to the action
of the symmetric group of order d, S(d), hence we get the diagram

* Clpots x5 CaHL
330 (€ ( o ) & CrxcHL oo £(d)
(Aabo 7[p1a"'7pd]) = (AabOa"'vbd) = Aexp(b02d+'-'+bd)%a
here [p1,...,pq) means the unordered roots and

(z=p1)-(z—pa) = 2%+ (b1/bo)z" " + ...+ (ba/bo).

A virtue of the parametrization using the roots ([830) and the redundant para-
meter A, is as follows. The action of the affine group Aut(C) = {w — aw +b = z}
by pullback is

Aut(C) x E(d) s £(d)
(aw+ba (AabOa[pl,"'apd])) — (Aa_labOada[T_l(pl)v""T_l(pd)])'

In fact, given (A, b, [p1,...,p4]) and T(w) = aw + b = z, we can compute

T <)\ exp(bo(z —p1) -+ (2 — pd))%) =Xexp (bo(aw+b—p1) - - - (aw+b—pq)) %

0

= 2 exp(boad(w — Tﬁl(pl)) s (w— Tﬁl(pd)))%-

Clearly, for d > 2 this is a proper action and its isotropy group is trivial, so it is
free. Considering also the action of S by rotations X ~ € X it is clear that this
is also a proper and free action.

As is usual the triviality of the isotropy group of X € £(d) has geometric impli-
cations on the quotient spaces. Following [20], pp. 53: the action of Aut(C) on £(d)
is proper with isotropy group the identity, hence the quotient space is a manifold
of dimension dim(€(d)) — dim(Aut(C)). The analogous fact holds for the action of
Aut(C) x St |

8.8. On the cardinality of the topological classes of fie (X), for X € £(d).
The previous section shows that the analytical and metric classification are very
fine. In order to have a coarser classification, we will consider the notion (see
Definition B.I11) of topological equivalence of singular analytic vector fields under
the action of

Homeo(C)" = {h : C. — C. |orientation preserving homeomorphism fixing oo}

In particular, we will be considering €(d)/Homeo(C)™, i.e. the topological classes
of phase portraits of e (X)), for X € £(d).

Recalling Definition of a sheet of R x, Definition B.8 of a diagonal associated
to a pair of asymptotic values and the description of d—configuration trees, we now
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present a first step towards the topological classification of Re (X), for X € £(d),
identifying the canonical region@ in a sheet, hence the bifurcation mechanisms.

Remark 8.30 (Dynamical aspects of a sheet of Rx, for X € £(d)).

Case 1. A sheet C;\{Ly} with only one branch cut Ly, determines two half-planes
(ﬁi, %) in the phase portrait of fRe (X) on C,.

Case 2. A sheet Ci\{Ly}i_; having r branch cuts with different heights (recall
Definition B3) Jm (a1) < -+ < IJm(a,) determines two half-planes (ﬁi, %) and
r — 1 finite height strips flow ({Jm (ax) < Jm(2) < Jm(axs+1)}, &) in the phase
portrait of $e (X) on C,.

Case 3. A sheet Cy\{Ly }x=1,2 having two branch cuts in the same horizontal trajec-
tory, say (0o, a]U [a+ 79, 00) for 7o € RT, determines two half-planes (H2, %), and
one single finite homoclinic trajectory of Re (X), thus isometric to a closed interval
[a,a + 7p] in the phase portrait. Recall that homoclinic means it is a trajectory
which joins the singularity oo to itself in the phase portrait of e (X) on @ .

Case 4. Is the mixing of cases 2 and 3. If the sheet C;\{Ly};_; has (horizontal)
branch cuts with at least two different imaginary values then at least one finite
height strip flow is determined; moreover, if there are two or more branch cuts in
the same horizontal trajectory these determine homoclinic trajectories. Of course
the branch cuts with the smallest and the biggest heights determine two half-
planes. Whence this type of sheet determines half-planes, finite height strip flows
and homoclinic trajectories for the phase portrait of 9te (X) on C..

Theorem 8.31 (Cardinality of the topological classes £(d)/Homeo(C)T).
For d = 1,2, there are d topological classes of Re (X) for X € £(d).

For each d > 3, there are infinite (numerable) topological classes of Re (X) for
X € &(d).

Proof. Case d = 1. Follows directly from Theorem

Case d = 2. We shall show that there are two distinct topologies for the real vector
fields. Start by noticing that X will have two distinct finite asymptotic values aq
and ay whose corresponding diagonal Ajs (associated to Ao in Ax) lies on the
same sheet in Rx. We now have two cases:

1) The diagonal Ajs is not horizontal, we apply Remark B30l case 2. That is, if
Jm (a1) # Jm (ag), then MRe (X) has a horizontal finite height strip flow

S =mx1 ({(z,t) €Ca,, C Ry | Jm(a1) < Im () < Jm (ag)}),

of height |Im (a2) —JIm (aq)|, foliated by trajectories of Re (X)), or the analogous
case when Jm (a2) < Jm (t) < Jm(a1); where Ca,, denotes the sheet in Rx
where the diagonal Aj s lies (see the last paragraph of Definition [B8]).

2) The diagonal Aj s is horizontal, we apply Remark B30l case 3, hence a finite
homoclinic trajectory.

18This notation for the phase portrait of fMe(X) on C, follows the classical concepts of
L. Markus; see [47] and Table Blin §IT] Appendix.
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Example 8.32 (Two phase portraits for {me (/\622%) ‘ e (C*}) Figure

shows the finite height strip flow in the phase portrait, generated by the non-
horizontal diagonal. Figure [[6lshows the case when the diagonal is horizontal, thus
degenerating the strip flow to a finite homoclinic trajectory.

Case d > 3. When d > 3, recall that by Theorem there is a correspondence
between X € £(d) and d-configuration trees (and therefore its corresponding d—
skeleton), clearly the four cases in Remark can appear. Moreover, from the
description of the d-skeleton, notice that for d > 3 there will be at least 2, and
generically d — 1 different horizontal subtrees. On the other hand, horizontal sub-
trees are vertically separated from other horizontal subtrees by an integer number
|K (0, p)| of vertical edges of the d—skeleton. By changing the integer K(o,p) we
change the topology of fRe (X) since we are adding (or eliminating) 2K (o, p) half-
planes to (from) Rx. O

Example 8.33. 1. d = 3 Numerical argument. Consider §8.6.116, Figure [4 By
allowing p € C, to move, every time time p crosses two consecutive orange curves
or two consecutive red curves, K (1,3) changes by an integer.

2. d = 3 Combinatorial argument. This case can be appreciated in Figure [[lc
where K(1,3) = 0, and Figure [[1ld where K(1,3) = 1; in particular by adding
copies of C;\{Ly} in between the sheets that contain the diagonals (2Y1) and

(1D®) one obtains an infinite number of different surfaces Rx, and hence an
infinite number of different topologies for Re (X).

The interested reader can compare §8in the case d = 3, with [53], pp. 292.

9. FROM GERMS TO ADMISSIBLE WORDS AND BACK

In this section we shall explore the relationship between germs with an isolated
essential singularity, that satisfy certain conditions on the logarithmic branch points
and admissible words that have a specific number of sectors of type &.

9.1. Admissible words from germs ((C,0), X).

Theorem 9.1 (Recognition of admissible words from germs). Let ((C,0),X) be a
singular analytic vector field germ such that

1) 0 is an isolated essential singularity of X, and

2) the inverse Uy of Ux : (C,0) — Cy has as unique singularities d > 2 logarith-
mic branch points over d finite asymptotic values {a;} C C; and d logarithmic
branch points over oo € ((A:t.

If v : [0,27] — (C,0) is a simple path enclosing 0, then there exists a deformation

of v, which determines an admissible word Wx at 0, composed of sectors of type
H,E, P and &. In particular, there are € = 2d sectors of type &.

Recall that the definitions in §4.3] of asymptotic values, transcendental singula-
rities, and logarithmic branch points make sense for an isolated essential singularity
e € M or (C,0) of ¥x. Moreover, the Definition B8 of diagonal also makes sense
by replacing 0o, 00, € C. with the appropriate e, e, € M, where M is a suitable
non-Hausdorff closure of M\{e} or (C,0)\{0}; see Remark

To illustrate the difficulties and their solution, we consider the following.
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F1GURE 15. One of the two different topologies for the phase por-
trait of e (X)), when d = 2. Note the appearance of a finite height
strip flow in this figure, while in Figure this degenerates to a
finite homoclinic trajectory. This bifurcation of the topology of
MRe (X) occurs when the diagonal A1 C Rx is horizontal (i.e. Ao
is strictly real). See Theorem

207
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FI1GURE 16. One of the two different topologies for the phase por-
trait of Me (X), when d = 2. In this figure the finite height strip
flow, pictured in Figure [[8] degenerates to a finite homoclinic tra-
jectory. This bifurcation of the topology of 9Re (X) occurs when
the diagonal A1 C Rx is horizontal (i.e. \ig is strictly real). See
Theorem
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Example 9.2. Let ((((A:, 00), 62%) be the germ, provided with v a simple path en-
closing co € C. There is only one finite asymptotic value, say a;. We assume that ~
is such that I'(7) := (v(7),T(7)), for (1) = (¥ x07)(7), is contained in a copy of an
upper half-plane ﬁi C Rx. Recalling §5.3.11 X determines two half-logarithmic
spirals. The soul of the Riemann surface R x\{two half-logarithmic spirals}, ob-
tained from the graph of Wx over U\{oo}, is the gray shaded region in Figure ITa,
having as boundary, the path I and two horizontal branch cuts [a;, 00) 4 U[ay, 00)_
similarly as in (82) and ([83).

The original path ~, or 1~“, does not define a cyclic word for the germ of X.

However, there is a deformation of v towards its interior in Rx such that the
respective deformation of I' bounces off (recall Definition [(£.3)) the boundary of
the half-logarithmic spiral of Rx determined by [a1,00)+. The deformed path is
illustrated in Figure [[7lb, it determines an entire sector flanked by a hyperbolic
sector and an elliptic sector, by abuse of notation H &F.

Figure[Illc shows a taut deformation Iy Ufg, where the path bounces off the half—
logarithmic spirals associated to [a1,00)_ and [a1,00)+. In turn this determines a
word

ESEH HEE
—— ——

T, T
for the germ X. From fl U fg, we obtain the desired deformation of ~.

Proof. Step 1. For simplicity, let us start off by assuming that:
i) the asymptotic values {a; }‘jzl lie on d different horizontal trajectories of (C, %),
ii) Res(wx,0) =0.

Let U C (C.,0) be the closed region, whose boundary is a path v = v(7), as in
the theorem, and let X be a germ representative. The associated Riemann surface
Rx CC, x @ is determined by the graph of ¥y over U\{0}.

R x is connected, non compact and contains the path

T(7) = (7(r),T(7)),T(7) = (¥x 07)(7).

To each deformation of ¥(7) in (C.,0) corresponds a deformation of I'(7) in R,
and vice versa, since U\{0} is biholomorphic to R, similarly as in Remark
The fundamental group of Rx is Z, whose generator is L.
From hypothesis (2), the boundary of Rx C C, x C, is exactly

rv {(Ooj>aj)}?:1 U {(o05, m)}?idﬂv
following the enumeration convened in Remarks and B (a priori X does not
belong to £(d)).

As a consequence, the analytic extension of ¥~! along paths 8(7) : [0,e) — C;
which avoid {aj}?zl is possible. The boundary of Rx projects under mx o to
Tu {Clj};lzl C (Ct-

Let ((C,0),X) be a singular analytic vector field germ, as in the theorem, the
soul of the Riemann surface Rx is a connected surface with open interior

Rx\{the 2d half-logarithmic spirals of X }.

For example, in Figure [Ta and Figure [[9 the shaded regions determine the soul
of Rx, respectively.
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a) b) c)
o O | ] =
I,
d) -
r
7
O

FIGURE 17. For X (z) = eZ%, a representation of the Riemann
surface Rx\{2 half-logarithmic spirals of X} is given in (a). A
deformed path that bounces off the half-logarithmic spiral deter-
mined by the branch cut is illustrated in (b). As a result, in (c)
and (d) the deformed taut path I'; UT's, recognizes the admissible
word enclosed by the original v (or equivalently f) See Example
9. 2!

Note that by definition the soul is a surface having I and the horizontal branch
cuts L; = [a;,00)4 U[aj,00)— C Rx, contained in its boundary.

Remark 9.3. In fact, if X € £(d), it is clear that the soul of the d-configuration
tree Ax (see Definition [B2T]) and the soul of the Riemann surface Rx agree up to
a finite number of half-planes, which can be incorporated into the half-logarithmic
spirals of X. This is again a reflection of the self-similar nature of the class 1 entire

sectors & (as in the relation EEH ~ &, see (.13).

Since each half-logarithmic spiral is homeomorphic to an open disk in Rx (see
Figure [T d for an example), we can assume under suitable deformation that; T is
inside the soul of R x.

Consider the restriction to I' C Rx of a height function
(9.1) Jm(¥x): T — R

After a small perturbation of the [ in the soul of R x, the height function assumes
only a finite number of local maxima and minima {p,} C T, and a finite number
of horizontal segments {¥5} C T.

Let p. € T be a local maximum or minimum of the height function @IJ), it is
an extreme point of I' when in addition it belongs to a branch cut L; = [a;, 00)_ U
[aj,00)+ of the soul of Rx. A bounded horizontal segment ¥, C [ is an extreme
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segment of I when it is contained in a branch cut L; of the soul of Rx and it is a
maxima or minima of the height function (restricted to I" as above).

Example 9.4. 1. In Figure[ITc, fl Ufg contains two extreme points. In Figure [I8]
(a), (b), (c) the respective I contain two extreme points. Moreover, (c) contains
one extreme segment; (d) contains one extreme point and one extreme segment.
In Figure 19 the arc fl contains three extreme points, but the arc fg does
not contain any (certainly f3 intersects a branch cut, but these points are not
maxima or minima for the height function).

2. Note that fl U1~“2 in Figure[I7lc—d bounces off and assumes the minimum number

of extreme points.

a) b)

FiGURE 18. Four examples of I Cc Ry containing extreme points
and/or extreme segments. The arcs in (c) are in a finite height strip
flow, the others are in half-planes. In all the cases a deformation
of T allows a bounce off in exactly one point of each branch cut.
Moreover, the extension Rx U C' is obviously a Riemann surface.
See Example and Corollary M0l

Step 2 (of proof of Theorem [@]). In order to recognize sectors of type & we use
the following.

Remark 9.5 (Bounce off and words aspects of a sheet of Ry, for (((C, O),X)). We
recall Definition Consider a sheet C;\{L;}7_; in the soul of Rx and assume
that the sheet is glued to a half-logarithmic spiral along a branch cut [a;,00)4
(resp. a left branch cut (oo, a,]+).

If T bounces off a branch cut [ax, 00)+ (resp. a left branch cut (0o, ax]4), then
I' determines an entire sector &. _
Our goal is to perform a taut deformation of I' in the soul of Rx. This means
the following.
i) The deformed ' bounces off exactly once on each of the two boundaries
[a;,00)+ arising from every branch cut {L; }?:1 in the soul of Rx.
ii) The deformed [ attains the minimum possible number of critical points of
the height function Jm (¥x) inside Rx\{2d half-logarithmic spirals of X},
see Figure I
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iii) In addition, if not all the horizontal branch cuts lie on the same sheet (due
to the existence of finite helicoids, recall Definition B4l in the soul of Rx),
then it might be necessary to keep deforming f, so that it wraps around the
finite helicoids in order to reach the sheets where the deformed I' bounces off
the (two) half-logarithmic spirals corresponding to each horizontal branch cut
associated to each finite asymptotic value. When this happens, we will be able
to recognize a sequence of elliptic E,,, or hyperbolic H, sectors. See Example
0.6 -

iv) It might be necessary to deform I' across some of the finite height strip flows
of the soul of Rx. When this occurs we will be able to recognize parabolic
sectors P, with v corresponding to the displacement (the value of the integral
of wx) along the deformed ~ as it crosses the finite height strip flow.

The taut deformation of f‘, can always be performed, since Tisa generator of
the fundamental group of R x\{2d half-logarithmic spirals}.

By (anticlockwise respect to (C.,0)) traveling around the taut deformed T' we
can read off the words associated to each possible sector: E,, H, P,, &,, according
to their description given in §5l In this way Wy is determined by the deformed ~
arising from the projection, under mx 1 in ([2.4), of the taut deformation of L.

This finishes the proof when all the {a;} are distinct and none share a horizontal
and Res(wx,0) = 0.

Step 3 (of proof of Theorem [0.1]). Consider now the case when two asymptotic
values, say a, and a,, are on the same horizontal and there is a diagonal between
them in Ryx. Recall that C;\L, are really copies of C; cut along L, but with the
borders left there for further identification, then C;\(L, U L,) presents no problem
for the proof: having made the leftmost branch cut, there will be a choice of border
(top or bottom) on which to make the other branch cut. The original [ is in the
soul of Rx.

This leaves the case when some of the asymptotic values have multiplicity. Once
again this poses no problem: there cannot be a diagonal between the preimages,
71')_(,12(@]»), of an asymptotic value a; with multiplicity v; > 1.

Finally, if we assume that Res(wx,0) # 0, then there exists a characteris-
tic trajectory o of fe(X) in U such that it starts at some point of v and has
lim; 0 Ux(0(7)) = 0o (see footnote B). We define RS as the graph of ¥x over
U\o. The boundary of R% contains two copies of & = Wx (c) (as in Figure {), we
glue its boundary and get a new surface, say Rx (see Example [0.7]). Note that,
the fundamental group of R x has the corresponding T as generator. Hence, all the
above arguments can be repeated inside the soul of Rx. O

Theorem is now exemplified for nontrivial objects: first in Example the
case when Res(wx,0) = 0 and secondly in Example when Res(wx,0) # 0.

Example 9.6 (Recognizing an admissible word on a Riemann surface with d = 4
logarithmic branch points and Res(wx,0) = 0). In Figure [[9 we have drawn the
soul of a particular R x, together with the horizontal branch cuts (solid double lines)
associated to the four distinct finite asymptotic values {aj}?zl. The four sheets
shown are glued along the horizontal branch cuts (as in Corollary B.I1]), according
to the light blue dotted lines (all the glueings are made so that the solid dark blue
path fl U---u fﬁ is continuous). The segments b1by, bibs, and bsby in the soul of
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Rx are the diagonals and appear as orange dotted lines (recall that wx 2(b;) = a;).
However, none of the segments Ayi4, Ayos, and Ayoy are diagonals. In order to
complete the Riemann surface R x one needs to glue to the soul a half-logarithmic
spiral on each of the eight horizontal branch cuts that have not been identified.

FI1GURE 19. Soul of a Riemann surface R x with d = 4 logarithmic
branch points and Res(wx,0) = 0. The green path r (correspond-
ing to ) is deformed into the blue taut path fl Ung- . -Uf& which
bounces off the corresponding branch cuts, in order to recognize
the admissible word enclosed by 7. The exterior of r is colored
white, while the exterior of the deformed Fl U Fg U---u FG is white
and light green. In this case X € £(4). See Example

Note that the green path f, corresponding to -, lies completely on one sheet
and that the interior of I' encloses all the preimages (under 7x o) of the 4 finite
asymptotic values. [ does not define a cyclic word for the germ of the respective
X. The path T is deformed into the taut path I‘1 U FQ U U I‘6 From it, we can
now recognize the admissible word (we drop the sub— mdlces of the P, since they
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are not needed)
PEHHSEPESHH HHEP FE EPESHHSPSEHH HH HHSEPE,
—— ~

fl fg Is f4 fS f(‘,
which in turn can be reduced (using (5I4) so that HEE ~ & and ESH ~ &) to

PS&HEPEH HHEP EE EPEHEPSEHH HH HEPE .

fl fQ F3 f4 Ts f(;
Example 9.7 (Recognizing an admissible word on a Riemann surface with d =4
logarithmic branch points and Res(wy,0) # 0). Consider once again Figure [I9]
but with the topmost sheet replaced with the one of Figure This gives rise to
the soul of Riemann surface Ry as in the end of the proof of Theorem

FIGURE 20. Soul of a Riemann surface Ry with d = 4 logarithmic
branch points and Res(wy,0) # 0. Here we illustrate only the first
sheet that replaces the topmost sheet shown in Figure 9 the rest
remain the same. Once again, the green path I' (corresponding to
) is deformed into the blue taut path [LuToU---U fﬁ, which
bounces off the corresponding branch cuts, in order to recognize
the admissible word enclosed by «y. The exterior of [ in Ry is
colored white, while the exterior of the deformed fl U fg Uu---u fﬁ
is white and light green. The nonzero residue corresponds to any
of the red arrows (as in Figure[T]), the red arrows also indicate that
these boundaries should be identified to obtain Ry. See Example
9.7

In this case, since Res(wy,0) # 0, the path r (corresponding to ) is not closed.
Hence the sheet containing I will have the right or left part of a finite height
strip flow corresponding to the nonzero residue (see also Figure [7 for the analogous
construction that corresponds to the residue). The boundaries of the added or
missing part of the finite height strip flow can now be identified to obtain the soul
of Ry. The admissible word can be read as before. In order to account for the
residue, it is convenient to recall that letters P, in the admissible words have a
sub-index v; indicating the displacement; see (5.6]). Hence, once again taking into

account the relations HEE ~ & and ESH ~ &, we obtain the admissible word
p,&HEP,,6H HHEP,, FEE EP, £HEP, . &HH HH HEP, E .

Ty I s W s Tg
Note that each v, € C*, ¢+ = 1,2,...,6 contributes to the residue; in the case at

hand the contribution of v3 = —vg, similarly vy = —vs, leaving the contributions
of v1 + 5 to be exactly the residue, i.e. Res(wy,0) = (11 + v2)/(27i) # 0.
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It is clear in Example [0.6] that since Res(wx,00) = 0, Rx is the Riemann
surface associated to some X € £(4). On the other hand, Example corresponds
toan Y & £(4), because of Theorem

9.2. Germs from admissible words Wx. With the results presented so far in
§5.9] particularly Proposition (.20, and Theorem [O.1] we can now justify the term
admissible for cyclic words comprised of the alphabet H, E, P, &.

Recall that € denotes the number of class 1 entire sectors & in an admissible
word.

Theorem 9.8 (Recognition of analytical invariants from admissible words). Let
Wx be an admissible word in the alphabet H, E, P, &, with € > 2, coming from
a germ (((C,O),X) of an isolated essential singularity of a complex analytic vector
field. The distinguished parameter Vx satisfies that \IJ)_(1 has €/2 logarithmic branch
points over €/2 finite asymptotic values (up to translation) and €/2 logarithmic
branch points over oo.

To illustrate the difficulties and the meaning of the assertion, we consider the
following.

Example 9.9. Let X(z) =iz ez% be a singular analytic vector field on C. There
are singularities at 0 and oo. Consider first the germ ((((A:, o0), X) and provide it
with a simple path = enclosing co € C. It gives origin to the word

Wx = SHHHEE,,

where v = =27 = fv wx is the complex time along v or displacement of Wy . That
is, the isometric glueing of &, and E requires a —27 surgery. Moreover, when we
consider the germ ((@, 0), X) provided with a simple path —y enclosing 0 € ((Aj, it
gives origin to the word
Wx = Cj,
where —i = Res(wx, 0) and the displacement is 2m = ff,y wx.
The global distinguished parameter

z
Ux(z) = / wx : C\{o0,0} — Cy,
zo
is multivalued.

A modification of the domain, will provide insight to the configuration of asymp-
totic values. We look at a punctured disk D(oco,r)\{oco} with the radius » > 0 in
the spherical metric, and cut the disk along R U {oo}. A univalued distinguished
parameter is

z
Uonix(2) = / wx : D(oo,7)\(RT U {o0}) — Cy.
Zo
The inverse function \Il;ﬁz  has a logarithmic branch point over a finite asymptotic
value ¢ € C; and a logarithmic branch point over co. This is the assertion of
Theorem

When gluing back the cut along {R*Uoco} we obtain the multivalued ¥ x| D (oo, r)
that has an infinite configuration of asymptotic values {a + (—2m)k | k € Z},
compare with Corollary EI8]
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Proof of Theorem 0.8 The admissible word Wx contains € > 2 class 1 entire sec-
tors &, whence 0 is an isolated essential singularity of X.

Furthermore, for the class 1 entire sectors that appear in Wy, there is a nat-
ural pairing between letters &7 and ;éx, recall (LI14), such that \I/;T}l  has a
logarithmic branch point over a finite asymptotic value.

In fact, class 1 entire sectors come in pairs; considering a word that contains
class 1 entire sectors, say, for instance,

Wi :WlooéafHHfgooWn
—_———
no additional &

It is clear that both of the class 1 entire sectors will have the same finite asymptotic
value associated to them. That is: the trajectories 01,02 in &y and y& that
arrive to the isolated essential singularity in finite time are asymptotic trajectories,
and will be the ones that determine a finite asymptotic value (in particular these
can also be characteristic trajectories).

Note that, \1/;712 y has another logarithmic branch point over co with multiplicity
the number of pairs of class 1 entire sectors that appear in Wx.

Thus,

z
Uonix (2) = / wx : D(oo, 7)\{RT Uocc} — C;
Zo
is a univalued function on this simply connected domain. \P;ﬁz  has d logarithmic
branch points over the d finite asymptotic values and d logarithmic branch points
over 0o, where d = ¢/2 half the number of entire sectors in the admissible words.

This is the meaning of the assertion. ([l

10. A BETTER VECTOR FIELD GERM EXTENSION RESULT

Corollary 10.1 (Description of X € £(d) as an admissible word). A germ (((E, 00),

X) is the restriction of an X € E(d) if and only if co € C is an isolated essential
singularity and the admissible word Wx satisfies that

1) the residue of the word Res(Wx) =0,

2) the Poincaré-Hopf index of the word PH(Wx) = 2,

3) it has exactly e = 2d class 1 entire sectors &.

Proof. (=) (1) is obvious. (3) follows directly from Theorem
For (2) consider that X € £(d) is a nonvanishing analytic vector field on C with

~

oo € C the unique singularity of X, then PH(Wx) = PH(X, ) = x(C) = 2.

(<) Considering the germ ((@,oo),X) and since Res(X,00) = Res(Wx) = 0
it follows that the distinguished parameter Wy : (@, o0) — C; is univalued. From
Theorem 0.8, ¥y' has ¢/2 logarithmic branch points over ¢/2 finite asymptotic
values and €/2 logarithmic branch points over co.

Recall that Wx is an admissible word, hence there is a simple path v C (((A:Z, 00),
enclosing oo once, that determines Wy (as in Theorem [0.).

Notice that since Res(X,00) = 0, the path I'(r) = (v(7), (¥x 0o y)(7)) C Rx
is closed and because of Lemma 27 T has no self-intersections. Furthermore,
I" encloses the images, under 71')_(11, of the angular sectors comprising Wx (as in

Figures [I7, I8 and M9, recall that the gray shaded area is the interior of f)
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Step 1. Next, since our model of R x is composed of copies of
C¢\{suitable branch cuts} C;\ ({suitable branch cuts} U{C}),

where each C' is the missing region of C; arising from the “exterior” of f‘, we
conclude that in fact C C I'. See Figure for examples. Each corresponding
subset C has at this moment indeterminate shape. We want to be able to recognize
where the boundary of C' assumes a “bounce off like shape” (as in Figures [[7 and
[[9)), coming from the sectors & € Wx. Using the local models for the angular sector
H,FE, P, & we can assume that [ is a finite union of arcs of circle and horizontal
segments (note that not necessarily all the critical points of horizontal segments of
[ are extreme).

In fact, consider a height function Jm (¥x) : I' — R; see (@.1).

Step 2. Let p., Xc be an extreme point or an extreme segment of L.

Since p¢ (resp. X.) is a minima or maxima of the height function, an arc of r
containing p. (resp. X.) is contained in;
i) a half-plane H’ in the soul of R X, Or
ii) a finite height strip flow S, = {Im(a;) < Im(¢) < TIm(ax)}, v = ar — aj,
such that its two horizontal boundaries contain branch cuts (of asymptotic values
aj,ag).

It is clear that H (respectively S,) in the soul of Rx is well defined. Hence, so
is the missing region C' C m (respectively S,); see Figure [I8

Main Fact. By analytic extension of \I/;(l, we can add to Rx the missing region C
as above, i.e. Rx can be extended to the Riemann surface, Rx = Rx UC.

Let us consider some previous examples.

Example 10.2 (Examples and revisited). The extension is the inverse
process in Figure [ Considering the succession (c), (b), (a), both T'; and Ty
contain one extreme point, the path in (b) contains one extreme point and one
extreme segment, and finally in (a) by adding the topological disk bounded by f,
we obtain the desired R X.

A slightly more complex example can be seen in Figure starting with I =
fl U---u fg we can deform T and add the corresponding C’s to obtain half-planes
and/or finite height strip flows. By doing this the original [ is reduced to fo, and

finally adding the topological disk bounded by IN“O, we obtain the desired R X-

Note that other shapes for C must be considered; see Figure [I8 for some of them.
However, in all cases the extension is well defined and R x UC' is a Riemann surface.

Step 3. In order to perform the construction of Ry, we proceed as follows:

i) For each extreme point p., or extreme segment X, we can add the missing
exterior region C. in the respective half-plane or finite height strip flow con-
taining a bounce off. We obtain an extended Riemann surface Rx U C. with
a new fg as boundary. Recall that fg has at least one new extreme segment.

ii) Continue until the extended Riemann surface has its boundary I'_;, com-
pletely contained in one copy of C;. Moreover, note that f_k bounds a topo-
logical disk in the copy of C,. Finally, extend the surface by adding the
topological disk bounded by f,k, thus obtaining the desired ﬁx.
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This R can be recognized (since PH(X,00) = PH(Wx) = 2) as the Riemann
sphere C by the uniformization theorem.

Also, by Theorem [R5l the extended Riemann surface Ry is the Riemann surface
of a vector field X € £(d).

Of course, this X has the original germ as the singularity at oo. (Il

Note that the second part of the proof of the previous corollary can be interpreted
as an extension result.

Corollary 10.3. Let (((C, 0), X) be a germ of singular analytic vector field defining
an admissible word Wx in H,E, P, &, with Res(wx,0) = 0, and assume that the
Poincaré—Hopf index PH(X,0) = 2 — 2g for g € NU {0} a nonnegative integer.
Then there exists an extended singular analytic vector field X on the compact Rie-
mann surface My, of genus g, such that: X has the original germ (((C, 0), X) as a
singularity and N

a) no other singularities on My = C, when g =0,

b) two new simple poles and no other singularities on Mg, when g > 1.

Proof. As mentioned, the proof of Corollary [[0.1] proves the case My = C.
For the general case perform surgery, as in Step 2 of the proof of Theorem [7.1],
adding two simple poles and no other singularities. O

11. APPENDIX: GLOBAL DECOMPOSITION INTO CANONICAL REGIONS,
FOLLOWING L. MARKUS AND H. E. BENZINGER

According to L. Markus [47], see also [55], [21] pp. 33, the

e spiral (Rz\{()}, x% + y(%),

e annulus <R2\{O}, —yZ —i—xa%) and

e strip (RQ, %)

are the real models for the search of a topological decomposition of C' phase por-
traits of real vector fields Z on a region U C R2?. These models are sometimes
denoted canonical regions. Philosophically, canonical regions are open connected
subsets V' C U, invariant under the flow of Z, where Z is parallel and maximal
respect to the above properties.

From our point of view, canonical regions V' C U are the largest domains where
Z admits a C* “flow box” having maximal domain Wz; i.e. ¥y sends (V',Z) to a
spiral, annulus or strip.

The list of canonical regions of L. Markus can be enriched in the complex analytic
category, as in Table Bl where for a singular complex analytic vector field (M, X)
we consider Re (X) on M.

With this in mind, a result of H. E. Benzinger (see [I0], pp. 466) can be inter-
preted as follows.

Theorem 11.1 (H. E. Benzinger). A rational vector field X on C admits a finite
decomposition in strip flows, annulus flows and spiral flows.

Proof. Note that if X admits a spiral flow, an infinite height strip flow, or an infinite
height annulus flow, then X is holomorphic on C.

Assume that X has at least one pole. A maximal trajectory {z;(7) : (Tmin, Tmax)
CR— @Z} of X is a separatriz if its domain is a strict subset of R. Equivalently,
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TABLE 3. Complex analytic canonical regions of X on M.

dynamics | geometry | nomenclature |
spiral flow
(C*,A22) | cr | spiral flow \ € C\iR
annulus flow (A2 € iR*)
(C*,iAg %) C* infinite height
annulus flow (cylinder),
({0 < [z < 1},ix0 ) D(0,1)\{0} semi-infinite height
annulus flow (cylinder),
({1 < [z] < h},ixe ) {1< |zl <h} finite height
annulus flow (cylinder),
strip flow
(C, %) C infinite height
strip flow (plane)
(ﬁi, ) H semi—infinite height
strip flow (half-plane)
({0 < Im(z) < h}, 31) {0 < Im(z) < h} | finite height strip flow
union of
semi-infinite height strip flows
(ﬁi, e? a%) ﬁi U ﬁi U... | half-logarithmic spiral
(semi—infinite helicoid)
({0 < |9m (2)| < 2Kn},e*2) Ei U...u Ei finite helicoid

the image of z;(7) accumulates at one pole; its flow is not analytic in at least one
direction. Removing from C, the zeros, the poles of X and its separatrices we get

a finite number of open sets {Ug} C @z that are the desired strip flows, annulus
flows and/or spiral flows. O

Remark 11.2. Let X be a singular analytic vector field on M, having singulari-
ties determining admissible words Wx. There exist a one-to-one correspondence
between:

e angular sectors & and

e semi—infinite helicoids (or equivalently half-logarithmic spirals) ﬁi U ﬁi U....

Finally, by considering the singular analytic category with one isolated essential
singularity, and introducing (for convenience of the reader) the two models based
on the semi—infinite helicoid and the finite helicoid, we have:

Corollary 11.3 ( Global decomposition of meromorphic on C, class 1 vector fields).
A wvector field X, meromorphic on C, with an isolated essential singularity at oo €
(E, with \If)_(l having d logarithmic branch points over d finite asymptotic values
and d logarithmic branch points over co, admits a finite decomposition in 2d half-
logarithmic spirals, semi—infinite height strip flows, finite height strip flows, annulus
flows and spiral flows.
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Proof. Follows immediately from Benzinger’s result (Theorem [[T.1]), the local re-
alization (Theorem [0]) and the recognition of analytical invariants from admissible
words (Theorem [0.8]). O

Example 11.4. Every vector field X € £(d) admits a finite decomposition as in
the corollary (without annuli or spirals).

As a particular example, consider Figure [I5] corresponding to X (z) = eife”’ %;
one can observe the appearance of a finite height strip flow and 4 half-logarithmic

spirals.

In Examples and [[T.6] together with their corresponding figures, we can
observe some of the decomposition pieces for the 1-order 3 meromorphic case. For
instance in Figure 2Ilb finite height strip flows can be observed between the poles,
in both Figures RIla and 2Ilb we can observe 6 half-logarithmic spirals.

(b) X(2) = 55155

FIGURE 21. Phase portraits of the vector fields of Examples
and as seen from two different perspectives: in the vicinity of
00 € C, and on the plane near the origin. The black and green
paths around the singularities, corresponding to the respective {7},
are added to illustrate the different sectors that appear at each
singularity.

23
Example 11.5. Consider the vector field X (z) = —(??78%; see Figure 21] (a). In
this case X has an isolated essential singularity at co € C and a double pole at the
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origin. Furthermore, there are 6 entire & sectors in the vicinity of infinity, so the
admissible word at oo is

ESHHSEEEHHSEEESHH EF,

hence the Poincaré-Hopf index of X at oo is 4, while the admissible word at 0 is
HHHHHH, and its Poincaré—Hopf index is —2, and of course

~

x(C) = PH(X,00) + PH(X,0) =4 —2.

23
Example 11.6 (Example[{ I revisited). Consider the vector field X (z) = ?)Zeg—fl 2
see Figure 2T] (b). Once again oo is an isolated essential singularity of X, but now

X has 3 simple poles located at 3%/5, eig/%/B and e*;;/{ The admissible word at oo

is (starting from the top in Figure 211 (b)):
SfHHSEESHHSEEESEHH SEEE,

so the Poincaré-Hopf index of X at oo is 5, while the admissible word at each
simple pole is HH HH, and the corresponding Poincaré-Hopf index is —1, and of
course once again

&) = PH(X.00)+ PH (X, L) 4w pr (.27 L pm (x, 77 2y
= , 00 + Y~ + 9 + 9 = 4.
NE) =P (xg5) + o (x5 ) P (x5
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