LIFE IN THE SACKS MODEL

MIiCHAEL HRUSAK

ABSTRACT. This note contains results which everybody knows are true but the proofs
of which are not to be found in the literature. In particular, we prove that certain
cardinal invariants of the continuum are small in the Sacks model and provide a proof
of a theorem of J. Baumgartner stating that & holds in the side-by-side Sacks model.

I. Introduction.

In many ways the models obtained by adding many Sacks reals to a model of CH
are viewed as “the opposite” of Martin’s Axiom. J. Baumgartner in [Ba] showed
that, indeed, if one adds many Sacks reals to a model of CH Martin’s Axiom fails
totally. In particular, many cardinal invariants of the continuum are small in both
the side-by-side and iterated Sacks models. It usually follows either from the fact
that the Sacks forcing has the Sacks property or from the fact that it preserves
P-ultrafilters (see [BaL] or [BJ]).

In this note we develop what we believe to be comprehensible approach to count-
able support iteration of Sacks forcing (Section II.) and then use it (Section III.) to
show that some other cardinal invariants are small in the iterated Sacks model. In
Section IV. we introduce the notion of (k, A)-semidistributivity of forcing notions
and use it to prove an unpublished result of J. Baumgartner that & holds in the
side-by-side Sacks model.

The set theoretic notation is mostly standard and follows [Ku]. Recall the defi-
nitions of the following <{>-like principles:
The & principle asserts that

I{A, : « € Lim(wy)} such that Va € Lim(wy) Ao C a, sup(4s) = «
and VX € [w1]** Ja € Lim(w) such that A, C X.
A weakening of both & and CH, denoted by $, states that
3X C [w1]¥ |X| =Ny such that Vy € [w1]** Tz € X :z Cy.

The & principle has been used by Ostaszewski (see [Os]) to construct the famous
Ostaszewski space - a countably compact non-compact S-space with closed sets

Key words and Phrases: Sacks forcing, &-principle, cardinal invariants of the continuum.

The work presented here constitutes part of the author’s PhD Thesis Rendezvous with Madness
defended at York University, Toronto in September 1999.

Typeset by ApMS-TEX



2 MICHAEL HRUSAK

either countable or co-countable. In the presence of CH, & is equivalent to <. The
principle $ was first considered in [BGKT].

The forcing notions mentioned throughout the text are standard as are the car-
dinal invariants of the continuum with possibly the following exceptions:

a. = min{|A| : A C w* is a maximal family of eventually different functions}

a, = min{|A| : A is a maximal almost disjoint family of graphs of permutations

on w}

ar = min{|A| : A is an uncountable maximal almost disjoint family of subtrees

2<w}

The cardinal invariant a. was studied by A. Miller in [Mi2]; a, was considered
by S. Thomas, P. Cameron, Y. Zhang and others. The cardinal invariants a, and
a, are larger or equal than non(M) (see [BrSZ]). ar was studied (without being
given a name) in [Mil] and [Ne]. It is easily seen that ar is equal to the minimal
size of a partition of the Baire space w® into compact sets, hence is greater or equal
to 0. The author believes that Con(d < ar) is an open problem (despite a cryptic
note in [Ne]).

II. Countable support iteration of Sacks reals.

This section uses a classical treatment of iterated Sacks forcing (see [Ball]) and
ideas from [SS]. Recall that the Sacks forcing S is the set of all perfect subtrees of
2<% ordered by inclusion. A p C 2<% is a perfect tree provided that Vs € p Vn € w
sInepandVs € pdn € w It #t € 2" Np such that s C t,¢'. For p € S and
se€2%welet ps ={t €p:tCsorsCt} Notice that p; € Siff s € p. For a
perfect tree p let [p] = {f €2¥:Vne€w [ |n€Ep}.

S is an w“-bounding proper forcing. In fact S satisfies Axiom A. As in [Bal)
we shall use the following notation: If p,q € S and m,n € w then we say that
(p,m) < (g,n) provided that p < g, m >n and Vs € ¢gN 2™ It £t € pN 2™ such
that s C ¢,¢. The following is the standard Fusion Lemma.

Lemma II.1. ([BaL]) If {(p;,n;) : @ € w} is such that (p;+1,ni41) < (ps,ni) for
every i, then p, = ({p; : i € w} € S.

Let S, denote a countable support iteration of S of length a. We shall need a
version of the Fusion Lemma also for S,,. If p,q € So, m,n € w and F € [supp(q)]<*
we will write (p,m) <p (¢,n), when p < g and VG € F p | B IF “(p(B),m) <
(¢(8),n)”. Abusing the notation slightly, we can state the Fusion Lemma as follows.

Lemma I1.2. ([BaL]) Let {(p;,n;, F;) : i € w} be such that p; € S4, n; € w,
F; C Fiy1, UF, = Usupp(p;) and (piy1,niv1) <, (pi,n;) for every i. Define p

so that supp(p) = |Jsupp(p;) and V3 € supp(p) p(B8) = ({p:i(B) : B € supp(p;)}.
Then p € S,,.

Let p € Sy, F € [supp(p)]<* and o : F — 2. Denote by p | o the function
with the same domain as p such that

p(3) ifpégr
p(B)ep ifBEF.
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The function p | o does not necessarily have to be a condition. We will say that o
is consistent withpif p | 0 € S, (le. VB EF (p o) | BIF “c(B) € p(B)). A
condition p is said to be (F,n)-determined provided that Vo : F' — 2™ either o is
consistent with p or 35 € F' s.t. o | (F'N ) is consistent with p and (p [ o) [ 5 I+

“o(8) ¢ p(B)”.

Lemma I1.3. ([BaL]) Let p € S,, F € [supp(p)]<¥, n € w and 0 : F — 2™
Then:

(1) IfmaxF < B<athen(plo)|B=({p]P) 0.

(2) pis ({0}, n)-determined for every n € w.

3) Ifk>n, F CG, (q,m) <¢g (p, k) and p is (F,n)-determined then so is q.

(4) If maxF < 8 < o then p is (F,n)-determined iff p | 8 is (F,n)-determined.

(5) There is g € S4, q¢ < p such that for some o : F — 2" g =gq | 0.

(6) If p is (F,n)-determined and q < p then there is o : ' — 2™ such that o
is consistent with p and, ¢ and p | o are compatible.

Proof. See [BaL]. O

A condition p € S,, is continuous iff VF € [supp(p)]<¥ Vn € w Im > n 3G €
[supp(p)]<¥, F C G so that p is (G, m)-determined.

Lemma II.4. ([BaL]) Let p € So, n € w and F € [supp(p)]<¥. There is (g, m) <p
(p,n) such that q is (F,n)-determined.

Proof. The lemma will be proved by induction on «.

a = 1: This is true since every p € Sy is ({0}, n)-determined for every n.

o=+ 1: Only the case when 3 € F has to be considered. There are Sg-names
¢ and 7 such that p [ B IF “(¢,m) < (p(8),n)”. By the inductive hypothesis there
is a ¢’ which is (F'\ {8}, n)-determined, (¢',m’) <p\y (p | B,n) and ¢’ decides
GN2". For every o consistent with ¢’ let m, be such that ¢’ | o IF “ri = m,”. Put
q=4q "¢ and m = maz{{m'} U{m, : o is consistent with ¢'}} + 1.

a-limit: Choose § such that mazF < § < a. Let ¢’ € Sg be such that (¢',m) <g
(p | B,n) and ¢ is (F,n)-determined. Then put

fd(y) ify<B
qm_{p(v) if v > 3

It is easy to see that this works. [

Lemma II.5. For every p € S, there is a continuous q < p.

Proof. Use the previous lemma to construct recursively p; € S,, n; € w and F; a
finite subset of « satisfying the following:

1) po =p, no = 1, Fy = {min(supp(p))},

2) pit1 is (Fy, n;)-determined,

3) (Pit1,miv1) <r, (Pisni),

4; U{Fi: i €w} =U{supp(p;) : i € w},

5

(
(
(
(
(5) F; C Fiq1.
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Let ¢ be the fusion of this sequence. Then ¢ is obviously a continuous extension of
p O

We shall make use of the fact that every continuous condition ¢ is fully de-
scribed by the sequence {(Fj,n;,%;) : ¢ € w} where F;, n; are as above, and
Y, = {0 : F; — 2™ such that o is consistent with ¢}. The important property of
this representation is that (informally) each condition is forced to branch between
levels n; and n;41. Notice that if {(F;,n;, 2;) : ¢ € w} is a representation of a contin-
uous g and f € w* is a strictly increasing function, then {(Fy(), ns), Lfu)) 11 € w}
also represents the same q.

Lemma I1.6. Let ¢ < p € S, be continuous conditions. There are {(F{,n!,X7) :
i € w} a representation of ¢ and {(FF,n? ,X) : i € w} a representation of p such
that

View F!Nsupp(p) C FF and nf <nf <ni.

Proof. By induction using previous remark. [J

Let a* be a countable set of ordinals. Define S,« as a countable support iteration
of Sacks forcing with domain a*, i.e. S,« is isomorphic to S5 where ¢ is the order
type of a*. Even though, in general, it is not obvious that every condition in S«
can be viewed as a condition in S,,, it is obviously so for continuous ones. Since the
set of continuous conditions is dense in S, and closed under fusion we can (and
will) from now on assume that all conditions mentioned are continuous.

Lemma II.7. Let a® be a countable subset of a < wg. Let p* € Su«, q € S,
such that ¢ < p*. Then there is a ¢* € Su+, ¢* < p* such that, every r* € S,«
incompatible with q is incompatible with ¢*.

Proof. Let g < p* be given together with their representations {(F},n{, X) : i € w}
and {(FF ,n? ,XP) : i € w}. Without loss of generality we can assume that

U{Ff 11 € w} = a* and the representations are as in Lemma II.6. Define ¢* via a
representation by putting for every i € w:

Fiq* = Ff: ,

ny =n? and

2 ={oexl :Irex!, VBeF! o) cr(B)}

It is easy to see that this, indeed, defines a representation of a condition. Another
way of describing the same procedure is as a fusion of p; = J{p [ 7: 7 € X7, }.
So ¢* € Sy« and obviously ¢* < p*.

Let 7* € Syg« be compatible with ¢*. Let s* € Sy« be their common extension.
Let {(F,n!,X7) i € w} and {(F} ,n{ ,X% ):i € w} be representations of ¢ and
s* such that for every i € w F{" C Ff and n{ < nf < n$,,. As in Lemma IL6.
this is very easy to provide. Define a common extension ¢ of s* and ¢ by putting

Fit = Fiq’
nt =ni and

St={oceXx!:Irexs, VBeF o(B) TP}

The condition ¢ also has an alternative description using fusion. It should be obvious
that ¢t < ¢, s*. This finishes the proof. [I
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Note that the lemma says that S, is “nearly” regularly embedded into S,,,. A
virtually identical analysis (for a forcing notion different that the Sacks forcing) is
contained in [HSZ].

ITII. Cardinal invariants in the Sacks model.

It is well known (see c.f. [BJ]) that iteration of any forcing having the Sacks
property (i.p. the Sacks forcing itself) preserves that the ground model meager
sets are cofinal. Hence cof (M) = w; in the Sacks model. It is also known that
S preserves P-points, hence u = w; in the Sacks model. As a consequence, most
cardinal invariants are small in the Sacks model. There are, however, cardinal
invariants the smallness of which (in the Sacks model) does not follow from the
above. The aim of this section is to show that some of these cardinal invariants are
also small in the Sacks model. The main tool used here is the Lemma I1.7.

It is tempting to say that the following lemma is probably folklore but the same
could be said for any of the results contained in this note.

Lemma II1.1. (CH) For every proper w*-bounding forcing P of size w; there is a
P-indestructible MAD family.

Proof. Using properness of P (and CH) it is possible to construct a sequence
{(PasTa) : @ < w1}, where p, € P, 7, is a P-name, so that if 7 is a P-name
and p IF “7 € [w]¥” then there is an « € wy such that p, < p and p, IF “7 = 7,”.
Having fixed such a sequence an almost disjoint family A = {4, : @ < wy} will be
constructed by induction.

Let {A; : i € w} be a partition of w into infinite sets. At stage a consider the
pair (pa, o). I po Iff VB < a |7 NAg| < w” then let A, be any infinite set almost
disjoint from all the Ag, 8 < a. If po IF VB < a |[To N Ag| < W” let {By, : m € w}
be an enumeration of pairwise disjoint finite modifications of {4 : § < a}. Let
p be a name such that p, I “p € w¥ and Vm € w B, N7q C p(m)”. As P is
w*-bounding, there is an f € w* and a q < p,, such that ¢ IF “p < 7. Put

Ao = | Bmn f(m).

mew

To finish the proof it is sufficient to show that IFp “A4 is MAD”. To that end assume
the contrary. That is, there is a P-name for a real 7 and a condition p € P such that
plF “Va <wq : |[TN Ay < Ng”. There is a § such that pg < p and pg I “T = 757
Then, however, pg IF “7 C Ag” which is a contradiction. O

Theorem III.2. a = w; in the Sacks Model.

Proof. Let A be an S, -indestructible MAD family. C'H holds in the ground model
and even though S, itself does not have cardinality N; it has a dense subset of
cardinality N;. Take for instance the set of all continuous conditions. So the Lemma
III.1. applies. The plan is to show that A is in fact S,,,-indestructible.

To that end assume that there is a S,-name 7 for a real and a p* € S, such that
p* ks, VA e A |7NA| <Ny”. Let N be a countable elementary submodel of
H(ws) such that p*,S,, 7, A € N. Let D,, = {p € S, : p decides whether n € 7}.
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Recall that all conditions involved are assumed to be continuous, hence absolute.
Let a* = anN N and let ¢* < p* be (N, S, )-generic such that ¢* € S;«. Then

(1) Vn € w D,, N N is predense below ¢* and D, N N C S, and

79

(2) there is an S,«-name 7’ such that ¢* Ik “7=7"".

Since A is S,,,-indestructible it is also Sg+-indestructible. Using that and the exis-
tential completeness of forcing,

Ir* €S r <qgt FAe A ks, “YANT =Ny,
However, since r* < p* and p* kg, “VAe A |[tNA] <Ny,
JgeSy ¢<r* IMecw gqlrg, “TNACM",

which means that ¢ is not compatible with those elements of D,, forn > M, n € A
which force n € 7. By Lemma II.7. there is s* € S,«, s* < r* such that every
t* € Sq- incompatible with ¢ is also incompatible with s*. Therefore s* Irg,.
“T N A C M” which is contradictory to the fact that 7* I-g , “|ANT|=Xy". O

Next it is shown that ap = w; in the Sacks model.

Lemma II1.3. (CH) There is a S, -indestructible partition of w* into compact
sets .

Proof. Fix a sequence {(pa, 7o) : @ < w1}, where p, € Sy, To is & Sy, -name, such
that if 7 is a S,,,-name and p I+ “7 € w*” then there is an o € wy such that p, <p
and po I+ “7 =7,

Construct a sequence (T, : o < wy) of finitely branching subtrees of w<“ by
induction on « so that:

(1) [Ta] NUpq[T5s] = 0 and

(2) g <po FB<a:qlk 41y €[Tp].

First find a ¢ < pp and g € w* such that ¢ IF “rg < ¢” and let Tp =
o < g | n}. At stage a consider the pair (py, 7o )-

If there is a p’ < po such that p’ IF “7o € Ug_,[Tp]” let Ty, be arbitrary satisfying
(1). Then, of course, there is a ¢ < p’ and a § < a such that ¢ IF “7, € [T3]”.

If not, find a p’ < p, and a g € w* such that p’ I+ “1,, & Uﬁ<a[T5} and 7, < g”.
Enumerate a« = {a, : n € w} and construct a fusion sequence (g;1+1,Mit1) <r,
(gi;,m;) such that go < p’ and for every o : F; — 2™ consistent with p; there is
an s, € w<* such that ¢; | o IF “s, C 7, and s, € Ty,,”. Let g be the fusion of
the sequence and let T, = {t € w<¥ : Ji € w To : F; — 2™i consistent with ¢
such that ¢ | o IF “¢ C s,”}. Note that T, is a compact tree as every f € [T,] is
dominated by g. Obviously ¢ IF “r, € [T,]”. O

{oe2m:

new

Theorem IIl.4. a; = w; in the Sacks model.

Proof. Fix a partition 7 = {T,, : @ < w1} as in the previous lemma (CH holds in
the ground model). It will be shown that 7 is not only S,,,-indestructible but also
Su,-indestructible.

Assume that it is not the case. Then there is an a < wy, a p € S,, and an
Se-name f for a real such that p IFs, “f & U{[Ta] : @ < w1}”. Again, we can
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assume that p and all conditions mentioned later are continuous. Fix a countable
elementary submodel N containing S, p, f ,7 and let «* = N Na. Then p € S,~
and 7 is S,--indestructible. Let r* < p be (N, S, )-generic such that r* € S,-.
There is a § < wy and p* € Sg+ such that p* < r* and p* IFs,. “f € [Tp]”. On the
other hand, there is a ¢ < p* and a 0 € w<¥ \ [T such that ¢ IFs, “o C f7. By
Lemma I1.7. there is a ¢* € S;+, ¢* < p*, incompatible with all the elements of S«
which are incompatible with q.

As r* is (N,S,)-generic we can treat f also as a S,«-name. Let D be the set of
those p € Sq which decide f | |o|. Then D € N, DNN C S,~ and DNN is predense
below r*. As g is incompatible with all s* € S,+ which force that f | lo| # o, so
is ¢*. That, however, means that ¢* I-s . “o C f” which contradicts the fact that
P ks, “f €T, O

Next it will be shown that a. = a, = w; in the Sacks model. First it will
be proved that, assuming C'H, there are maximal families corresponding to the
cardinal invariants indestructible by S,,, and then the Lemma II.7. will be used to
show that they are, in fact, S,,-indestructible.

Lemma III.5. (CH) There is an S, -indestructible maximal family of eventually
different functions.

Proof. Fix a sequence {(pa,Ta) : @ < w1}, where p, € S, 7o is @ S, -name, such
that if 7 is a S,,,-name and p I- “7 € w*” then there is an a € wy such that p, <p
and p Ik “7 =7,

We will construct a sequence (f, : @ < wi) , each f, € w* by induction on « so
that:

(1) fa is eventually different from fs for every § < o and

(2) 3¢ <pa 3B <aiqlk “ran fal =N
At stage a consider the pair (pa, Ta)-

If there is a ¢ < p, and a B < « such that g IF “|7o N fz| = Vo7, let f, be
arbitrary satisfying (1).

If it is not the case, enumerate o = {«; : ¢ € w} and construct a fusion sequence
(Gi+1,miv1) <p, (gi,m;), a tree T C w<* and an increasing sequence of integers
(n; : 1 € w) so that
a) qo decides 7, [ no,

b) qi I+ “’7—04 N fozi g n; X W”,

) for every o : F; — 2™ consistent with ¢; there is an s, € T'Nw™ such that
qi fU - “ss C Ta”v

d) for every s € T Nw™ there is a o consistent with p; such that s = s, and

e) ‘T N w”i+1| < Ni+1 — Ny

Let g be the fusion of the sequence. Obviously, ¢ IF “7, € [T]” and also Vs € T
Vm € dom(s) m > n; = s(m) # fa,(m). Enumerate T Nw™ = {s’ : j < J;} for
every i € w. It follows from the construction that J; 11 < n;y1 — n;. Now let

C

st (k) ifk=n;+jand j <J;
falt) = {

min{s(k) : s € TNwk*1}  otherwise.

It is immediate that g IF “|7, N fo] = Ro” and that f, is eventually different from
all f3, <o O
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Theorem III.6. a. = wy in the Sacks model.

Proof. Fix a family F = {f, : @« < w1} as in the previous lemma (C'H holds in the
ground model). It will be shown that F is S,,-indestructible.

Assume that it is not the case. Then there is an oo < w1, a p € S, and an S, -
name f for a real such that p forces that f is eventually different from f, for every
« < wp. Assume that p and all conditions mentioned later are continuous. Fix a
countable elementary submodel N containing S, p, f ,F and let a* = NNa. Then
p € Sy« and F is S,--indestructible. Let 7* < p be (N, S, )-generic such that r* €
Sa+. Thereis a 8 < wy and p* € Sg+ such that p* < r* and p* IFg,. “|fﬂfg| =Ny
On the other hand, there is a ¢ < p* and an n € w such that ¢ IFs, “f Nfz Cn”.
By Lemma I1.7. there is a ¢* € Sy, ¢* < p*, incompatible with all the elements of
Sy which are incompatible with q.

As r* is (N, S, )-generic we can treat f also as a S,--name. Let D,, be the set
of those p € S, which decide f(m) for m > n. Then D,, € N, D,, "N C S,;+ and
D,, N N is predense below r*. As ¢ is incompatible with all s* € S, which force
that f(m) = fg(m), so is ¢*. That, however, means that ¢* IFg_. “fn fs Cn”
which contradicts the fact that p* IFs_. “|f N fs| = Re”. O

Lemma II1.7. (CH) There is an S,,, -indestructible maximal almost disjoint family
of graphs of permutations.

Proof. Fix a sequence {(pa,Ta) : @ < wi}, where p, € Sy, 7, is a Sy, -name, such
that if 7 is a S,,,-name and p I “7 € Sym(w)” then there is an o € wy such that
Do < pand py IF “T=17,".

We will construct a sequence (7, : @ < wy) of permutations on w by induction
on a so that:

(1) my is almost disjoint from mg for every 3 < a and
(2) g <po FB<a:qlk g Nmgl =N,
At stage a consider the pair (pa, Ta)-

If there is a ¢ < p, and a § < «a such that ¢ I “|7, N 73| = Ry” let m, be an
arbitrary permutation satisfying (1).

If it is not the case, enumerate o = {e; : ¢ € w} and construct a fusion sequence
(Git1,miv1) <p, (¢,m;), a tree T C w<¥ and an increasing sequence of integers
(n; 13 € w) S0 that
a) qolF “7 [ ng = so” for some one-to-one sy € w™
b) ¢ IF “7o N7a, €0y x W and g1 - “rng(r [ nig1) 2 07,

) for every o : F; — 2™i consistent with ¢; there is an s, € T'Nw™ such that
g lolk%se C77,
d) for every s € T Nw™ there is a o consistent with ¢; such that s = s, and
e) [T Nw"it| < mn;yq — 2n,.

Let g be the fusion of the sequence. Obviously, ¢ IF “7, € [T]” and also Vs € T
Vm € dom(s) m > n; = s(m) # ma,(m). Enumerate T Nw™ = {s} : j < J;} for
every i € w. It follows from the construction that J; 11 < n;4+1 —2n;. Now construct
T by induction. Let 7, [ ng = so. Having defined 7, [ n; let A = n;\rng(ma | n;)
and define 71 | A so that 7 1(k) # 7, 1(k), i’ < i, for every k € A. For every
7 <Jit1 mductively find an Il < n;y1 such that [ is not in the domain of the part of
T constructed so far and also such that s”l(l) is not in the range of the part of m,

C
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constructed so far. As n;y1 > 2n; + J;41 there is no problem in doing so. Finally
define 7, on the rest of n;41 so that it is one-to-one, and so that (k) # 74, (k)
for every k € n;11 \ n; and for every i’ <.

Then, indeed, 7, is a permutation as 7, | n; is one-to-one and n; C rng(ns |
n;41) for every i € w. It is also true that 7, is almost disjoint from all 75, § < «
and finally ¢ IF “|7, N7 = Re”. O

Theorem III.8. a, = w; in the Sacks model.

Proof. Fix a family P = {m, : & < w1} as in the previous lemma (C'H holds in the
ground model). It will be shown that P is S,,-indestructible.

Assume that it is not the case. Then there is an o < w1, a p € S, and
an S,-name 7 for a permutation such that p forces that 7 is eventually different
from 7, for every @ < wy. Assume that p and all conditions mentioned later are
continuous. Fix a countable elementary submodel N containing S, p, 7, P and let
a* = NNa. Then p € Sy« and P is S,+-indestructible. Let r* < p be (N,S,)-
generic such that r* € S «. There is a § < w; and p* € S~ such that p* < r* and
p* lks,. “|/mNmg| = Ny”. On the other hand, there is a ¢ < p* and an n € w such
that ¢ IFs, “TN7g € n”. By LemmaIl.7. thereis a ¢* € Sy«, ¢* < p*, incompatible
with all the elements of S,« which are incompatible with q.

As r* is (N, S, )-generic we can treat 7 also as a S,«-name. Let D,, be the set
of those p € S, which decide 7(m) for m > n. Then D,, € N, D,, NN C S,- and
D,, N N is predense below r*. As ¢ is incompatible with all s* € S, which force
that 7w(m) = mg(m), so is ¢*. That, however, means that ¢* IFs,. “TN7g C n”
which contradicts the fact that p* IFs_, “|{TNmg| =Re”. O

IV. & holds in the side-by-side Sacks model

A forcing notion (complete Boolean algebra or partial order) B is said to be
(\, k)-semidistributive if every subset of k of size k in a forcing extension contains
a ground model subset of size A when forcing with B.

In what follows it will be shown that & holds in the side-by-side Sacks model. We
develop a slightly more general framework in hope that it has more applications.

Let P be an Axiom A forcing and let (<,,: n € w) be a sequence of orderings on
P witnessing it. Define a partial order A(P) = P x w ordered by (p,n) < (¢, m) if
n >m and p <, q. Properties of A(P) depend, of course, not only on P but also
on the choice of the orderings <,,.

Given a P-name & for an uncountable subset of w;i, a condition p € P and an
n € w let

Apn(p,z)={a€w; :FgeP g<,pandqlk “aci’}.

A condition p € P is said to be (&,n)-good if Vg <, p |A.(¢,%)| = R;. A forcing
notion P (together with an Axiom A structure) is said to be w;-good provided that
for every P-name & for an uncountable subset of w; and for every n € w the set
{p €P:pis (&,n)-good} is dense in P.

We will say that an Axiom A partial order P has unique fusion if whenever
(p; : i € w) is a fusion sequence and p,q € P are such that Vi € w p <; p; and
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q <; p; then p = q. Recall also that if P is a forcing notion then m(P) denotes the
least number of dense subsets of P with no filter meeting them all.

Proposition IV.1. Let P be wi-good. Then:
(1) P is (w,wy)-semidistributive.
(2) IfP has unique fusion and m(A(P)) > w;y (in fact, if M Ay, holds for A(P)
below every condition) then P is (w1,ws )-semidistributive.

Proof. Let & be a P-name for an uncountable subset of w; and let p € P. Construct
sequences (p; : i € w), (a; : i € w) such that:
a) o =a; =>i=7,
b) po < p and pit1 <; pi,
c) pi is (&,1)-good and
d) p; Ik “a; € 2.
It is easy to fulfill the task given the fact that P is wi-good. Let p, be the fusion
of the sequence (p; : i € w). Then p, < p and p, F “{a; : i € w} C &7 witnessing
the (w,w)-semidistributivity of P.

In order to prove (2) Let p € P be given and let

D, ={(q,n) € A(P) : ¢ is (&,n)-good and ¢ IF “8 € &” for some 8 > a}

and let
E, ={(g,m) € A(P): q € P and m > n}.

As P is wy-good the set D, is dense in A(P) for every . The sets E,, are obviously
dense. Let G be an ultrafilter on A(P) containing (p,0) which meets all of the
D, and E,. For each i € w choose p; € P and m; > i such that (p;,m;) € G,
po < p and (pjr1,mir1) < (pi,m;). Then the sequence (p; : i € w) is a fusion
sequence in P. Let p, be the fusion of the sequence. Obviously p, € P. Let
Y ={a €w:pylkp “a € i”}. All that is left to show is that Y is uncountable. If
not then there is an o < wy such that Y C «. Let (¢,k) € D, N G. The following
Claim clearly produces a contradiction, hence finishes the proof.

Claim. p, <gq.

In order to prove the Claim construct a sequence {(g;, k;) € A(P) : i € w) such
that
a) (qo, ko) = (g, k),
b) (qiv1,kiv1) < (i, ki),
¢) (Gi+1,kiv1) < (pi,mi).
To accomplish the goal simply pick (g;+1,ki+1) € G extending both (g;, k;) and
(pi, m;). The sequence (g; : ¢ € w) is a fusion sequence. Let g, be the fusion of the
sequence. Note that g, <; p; for every i € w. As P has unique fusion ¢, = p,, and
hence p, <q. U

Examples. Cohen forcing Fn(w,2) is trivially (w;,w;)-semidistributive. Other
forcing notions such as random forcing, Hechler forcing, Mathias forcing, Laver
forcing and Sacks forcing are (w,w;)-semidistributive and, in some models, these
forcings are even (w1, w;)-semidistributive.

Here we concentrate on Sacks forcing. Recall that if p € S then t € p is a
branching node of p if t70,t71 € p. The standard Axiom A orderings for the
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Sacks forcing (p <, ¢ if p < ¢ and the first n-many branching levels of ¢ are
contained in p) obviously have unique fusion property. For p € S and k € w let
plk={tlk:teplandifaCplet pla)={t€p:Is€asCtortC s}

To show that S is wi-good it is enough to show that whenever & is a name for
an uncountable subset of wy, p € S and m € w then the following holds:

Claim IV.2. Ifp € S is (&, m)-good then there is a ¢ <,, p such that q is
(&, m + 1)-good.
Suppose the Claim fails. Construct a sequence (p, : n € w) C S and for every
Pn an integer k,, so that
a) po <m D |po N 25| = 2™ and every ¢ € 2% contains m-many branching nodes,
b) (pn+17kn+1) < (pn7k'n) and
) ifa € [p, N2)2""" and (V¢ € po | ko Ft® # t* € ast. ¢ C t°NtY) then
[Am+1(Prtr(a), @) <Ny
To do this suppose that p,, k, have been already constructed. Enumerate all
a C p, N2k relevant for ¢) as {a; : i < I'}. Construct {p}, :i < I + 1} so that
d) p1(’)7, = Dn;,
o) piv! <7,
) pn I kn C p;, and
8) [Amr(ph ™ as), )] < Ry ‘ ,
At step i find p!, < p? (a;) such that a; C P!, and |A,41(Ph, %) < Ry (Note that if
this is not possible then the Claim holds as then pf (a;) <,,+1 p and is (&, m + 1)-
good). Let

it = 0 st e e UL ¢ € pun 2 \ai)

and finally let p,.; = pZ and let k, 41 be such that (ppi1,kni1) < (Pn, kn)-
Now let p,, be the fusion of the sequence and let

A= U{Am+1(pw(a>, ):a€p,nN 2’“"]2m+1 for some n € w asin ¢)}

and note that A is countable. Choose v € A, (pw, &)\ A. Then there is a p’ <, p,
such that p’ IF “y € #”. Choose n such that the m + 1-branching subtree of p’ is
contained in p’ | k,, i.e. thereis an a € [p, N 2’“”]27”+1 satisfying the condition in c)
such that p'{a) <, p,,. Then, however, v € A, 1+1(pw{a), &) which is impossible. O

So we have shown that S is (w,wq)-semidistributive. As A(S) is proper (see e.g.
[CL]) by Proposition IV.1. PFA implies that S is (wy,w: )-semidistributive.

J. Baumgartner (in an unpublished note) showed that & holds in a model ob-
tained from a model of V' = L by adding many Sacks reals side-by-side. A
proof of this fact is presented here. The side-by-side Sacks forcing for adding
many Sacks reals is denoted by S*. Let F' be a finite subset of k, let © be a
S* name for an uncountable subset of w; and let m,n be integers. A condition
p € S* is said to be (&, F,n)-good if ¥(q,m) <p (p,n) [Apn)(q,2)| = R, where
Apny (P, %) = {a < w1 : 3(g,m) <p (p,n) such that ¢ IF “a € 2" }.

Lemma IV.3. Let p € S¥, let F C G be finite subsets of k, let © be a S®-name
for an uncountable subset of wy and let n be an integer. If p is (&, F,n)-good then
there are ¢ € S® and m > n such that (q,m) <p (p,n) and q is (&, G, m)-good.
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Proof. The proof is an easy, though technical, extension of an analogous result for
SinlIV.2. O

Lemma IV.4. ({) There is a &-sequence (X, : a € Lim(w)) such that for every
p € S¥1 and every S“'-name & for an uncountable subset of wy there are ¢ < p and
a € Lim(wy) such that g Ik “X, C &”.

Proof. First identify every S“'-name g for a subset of w; with a set Y C S“! x wy
by putting a pair (p,«) into Y if and only if p IF “a € §”.

Claim. ({) There is a sequence ((pa, Ao, My ) : a € Lim(wy)) such that if p € S¥1,
A C S¥ x w; and C C [H(wg)]® is a closed and unbounded set of elementary
submodels then there is an M € C and an «a < wy such that M N H(wy) = M,,
MyNwi=a,p=ps € M, and ANM, = A,.

To see this fix a {-sequence {D, : @ < wi} (i.e. a sequence such that D, C «
for every o < w; and such that for every D C w; there are stationarily many o
such that D Na = D,).

First (using CH, a consequence of <}) construct a sequence (M, : « € C’) (for
some closed unbounded set C' C wy) such that
a) M, is an elementary submodel of H(w1),

b) M, C Mg for a < 8, Mg = | J{M, : « < 8} for 8 limit in C’,
¢) {M, :a € C'}is a closed unbounded subset of [H (w)]™° and
d) M,Nw; =« for every a € C'.

Doing this is straightforward. For o ¢ C’ let M, be arbitrary. Note that
U{M, : a € C"} = H(w;) and that for every C' C [H(w2)]* closed and unbounded
set of elementary submodels {a < wy : IM € C such that M N H(w1) = M,} is a
closed unbounded subset of C”.

Fix also a bijection ® : w; — H(w;) such that ®[a] = M, for every o € C".
Now we are ready to define py, Aq. If ®[Dy] = {p} x A € P(S“1) x P(S** X wy)
and o € C’, let p, = p and let A, = A. Otherwise let p, and A, be arbitrary.

To see that the construction works let p, A, C be as required (WLOG p, A € M
for every M € C) and let D = &~ ![{p} x A]. Let C"" = {a € C' : IM € C such
that M, = M N H(w1)}. Note that C” is a closed unbounded subset of w;. There
is an a € C” such that D, = DNa, as {D, : a < wy} is a {-sequence. This,
of course, implies that p = p, and AN M, = A,. Asa € C" also M, Nw; = «
and there is an M € C such that M N H(w1) = M. This finishes the proof of the
claim.

Having fixed a sequence like this, construct X, as follows:

If there is a p € S¥*, A C S“* X w; a name for an uncountable subset of w; and
an elementary submodel M containing p and A such that p, = p, M, = MNH(w)
and A, = ANM (= AN M,) then fix a sequence («; : i € w) / o and construct a
sequence ((g;,n;, F;, 3;) : i € w) such that

(1) FigFi_H andU F, =«

iEw T
(2) &%) < ﬁz <a,
(3) q0 < DPa,
(4) q; € S« mM?
(5) (gix1,mit1) <F; (qim4),
(6) g; is (A, F;,n;)-good and
(7) g; Ik “p; € A”.
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Finally put X, = {8; : ¢ € w}. It is easy to go through the construction using
previous lemma (and the fact that M is an elementary submodel).

If the triple (pa, Ao, M, ) does not satisfy the above requirements let X, be an
arbitrary sequence increasing to a.

In order to verify that the construction works let p € S“* and & be as required.
Let X C S*' x w; be the “nice” name corresponding to &. Let C be a closed
unbounded set of elementary submodels of H(ws) containing p and X. Then there
is an @ € Lim(w;) and an M € C such that p = po, X " M, = A, and M N
H(wy) = M,. Let g be the fusion of the sequence constructed at stage a. Note
that even though the model in which ¢ was constructed was probably different from
M and the name for an uncountable subset of w; was most likely not X, in the
construction we never had to go outside H(w;1) on which the two models agree. So
gl “X,Cz”. O

Theorem IV.5 (J. Baumgartner). If { holds in the ground model then & holds
in the side-by-side Sacks extension.

Proof. Let (X, : o € Lim(wy)) be the &-sequence constructed in the previous
lemma. What remains to be proved is that it is still a &-sequence after forcing
with S*. To that end let & be a name for an uncountable subset of w; and let p be
a condition. As all antichains in S® are of size at most N; there is a set X C k of
cardinality X; and a S¥-name ¢ such that p € S¥ and IFg« “& = 5. Recall also that
S* ~ §¥ x S*\X. Now, as S¥ ~ S¥1, by previous lemma there is an o € Lim(w;)
and a ¢ € S¥ such that ¢ < p and ¢ IFgx “X, C 9”. In fact ¢ IFgx “X, C27. O

Corollary IV.6. If ) holds in the ground model then <{>,' holds in the side-by-side
Sacks extension.

Proof. As & and 0 = w; both hold in the side-by-side Sacks model, so does {3 by
Proposition 1.3. of [Hr]. O

Acknowledgement. The author would like to thank to Professor Juris Steprans
for his guidence and help and especially for providing the proof of Claim IV.2.
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