THE JOURNAL OF SyMBOLIC LoGic
Volume 00, Number 0, XXX 0000

PAIR-SPLITTING, PAIR-REAPING AND CARDINAL INVARIANTS OF
F,-IDEALS

MICHAEL HRUSAK, DAVID MEZA-ALCANTARA, AND HIROAKI MINAMI

Abstract. We investigate the pair-splitting number s,,;- which is a variation of splitting number, pair-
reaping number t,,; which is a variation of reaping number and cardinal invariants of ideals on w. We
also study cardinal invariants of F, ideals and their upper bounds and lower bounds. As an application,
we answer a question of S. Solecki by showing that the ideal of finitely chromatic graphs is not locally
Katétov-minimal among ideals not satisfying Fatou’s lemma.

Introduction. The splitting number s and the reaping number ¢ are cardinal in-
variants which play important role when we study % (w)/ fin.

For X, Y € [w]® wesay X splits Y if both X N Y and Y \ X are infinite. We call
S C [w]® a splitting family if for each Y € [w]®, there exists X € & such that X
splits Y. The splitting number s is the least size of a splitting family.

We call # a reaping family if for each X € [w]®, there exists ¥ € & such that Y
is not split by X, thatis, X N Y is finite or Y \ X is finite. The reaping number ¢ is
the least size of a reaping family.

We shall study variations of splitting number and of reaping number and study
cardinal invariants of ideals of .

The pair-reaping number v, and the pair-splitting number s, are introduced
in two different contexts with the same definition independently.

One is motivated by the investigation of the dual-reaping number t; and the dual-
splitting number s; which are reaping number and splitting number for the structure
of all infinite partitions of w ordered by “almost coarser” ((w)“’, <*) respectively.

We call A4 C [w]? unbounded if for k € w. there exists a € A4 such thata Nk = 0.
For X € [w]” and unbounded 4 C [w]?, X pair-splits A if there exist infinitely
many a € AsuchthataNX #QPanda \ X # 0. Wecall S C [w]® a pair-splitting
family if for each unbounded 4 C [w]*. there exists X € & such that X pair-splits 4.
The pair-splitting number s,4; is the least size of a pair-splitting family.
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We call # C P([w]?) a pair-reaping family if for each A € . A is unbounded
and for X € [w]?, there exists A € & such that X does not pair-split 4, that is, for
all but finitely many a € 4. a N X = () or a C X. The pair-reaping number t,y is
the least size of a pair-reaping family.

In [13] it is proved that there is the following relationship between t;r, 5pqir and
other cardinal invariants.

PrOPOSITION 0.1. (1) 8pgir < non(# ). non(A").
(2) tpair > cov( M), cov(A).

(3) Spair > 5.

(4) Cpair <rt.s4.

It is not known whether t; < s,4; or not.

For @ C w®, we call & a dominating family if for each f € w®, thereexists g € &
such that for all but finitely many n € w, f(n) < g(n). denoted by f <* g. The
dominating number 0 is the least size of a dominating family.

For @ C w®, we call & an unbounded family if for each f € w®, thereexistsg € &
such that g £* f. that is, there exist infinitely many n € w such that g(n) > f(n).
The unbounded number b is the least size of an unbounded family.

s < 0andt > bhold (see in [3]). Kamo proved the following statement in [13]:

THEOREM 0.2. t; < dands; > b.

So we have the following diagram:

cov(A) =—— non(A) cof (M) =<—— cof (N)
\ /

tpair

add(#') =<— add(#)

5 .

An arrow k — A denotes the inequality k > /.

In [13] by using finite support iteration of Hechler forcing, the following consis-
tency results are proved.
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THEOREM 0.3. It is consistent that S,y < add(M). Dually it is consistent that
Cpair > COf(.ﬁ)

tyqir 18 @ lower bound of v and s,, and s, is an upper bound of s (and maybe
of tz). So it is natural to ask the question whether s, < ? or not and whether
tyuir > b or not. In [14] the consistency of 5,4 > 0 and of t,,; < b are shown and
an upper bound of s,,;, and a lower bound of v, are given.

The other source of motivation stems from the study of Borel ideals on w.

For a set X, we call .# C 2 (X) an ideal on X if .7 satisfies the following:

(1) ford, B .7, AUB € .7,
(2) forA,BC X.AC Band B € .# implies 4 € .7 and
(3) X ¢.7.

In this paper we assume that all ideals on X contain all finite subsets of X. We say
an ideal .# on w is tall if for each X € [w]® there exists [ € ¥ such that I N X is
infinite.

If #isanidealonw and Y € [w]®, wedenoteby .# | Y theideal{INY: [ € .7}
onY.

The topology of #(w) is induced by identifying each subset of w with its char-
acteristic function, where 2¢ is equipped with the product topology of the discrete
topology of 2 = {0, 1}. We call .# a Borel ideal on w if .# is an ideal on w and .¥
is Borel in this topology.

Let .7 be a tallideal on w. Then the uniformity number of .% , denoted by non* (%)
and the covering number of .7, denoted by cov*(_#) are given by

non*(#) = min{ || : & C[w]* A(VI € #)(FA € Z)(|ANT]| < Ny)}.
cov*(F) =min{|¥|: & C I N(VX € [w]?)(34 € Z)(|X NA4] =Np)}.

The (pre)orderings on the family of ideals are crucial in describing some properties
of'ideals on w. For example, Cohen-destructibility of an ideal .¥ on w is equivalent
to the statement .# is smaller than the nowhere dense ideal in the Katétov order
(I8. 61).

Suppose .# and # are ideals on @w. Then .# <g 7 if there exists a function
f: @ — o such that for each I € .7, f~'[I] € ,#. We call this ordering Katétov
order. If the function f witnessing to ¥ <k £ is finite-to-one, then we call this
ordering Katétov—Blass order, denoted by ¥ <gp 7.

When we investigate the Katétov(-Blass) order, the uniformity number of ideals
and the covering number of ideals are significant.

ProrosiTION 0.4. [5]

(1) If 7 <k £, then cov*(.F) > cov*( 7).
(2) If 7 <kp 7. then non*(.7) < non*(#).

In (2), we cannot replace <gp to <g. Let .# be an ideal with non*(.¥) > w.
Define 7 = {X C w x w: I € F(X C I x w)}. Then the projection witness
S <k . However {{n} x w: n € w} witness to non*(,#) = w. So non*(.#) >
non* (7).

In the study, the Katétov order between the finite chromatic ideal on []?. denoted
by Zrc, which is an F;-ideal, and other Borel ideals is investigated. The pair-reaping
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number and the pair-splitting number are introduced as other descriptions of the
uniformity number of ¥r¢ and the covering number of Zpc.

The encounter of these two different studies produces more general results.

In the present paper we shall investigate the relationship between tpuir. Spair.
cardinal invariants of ideals on w and other classical cardinal invariants.

In Section 1 we shall show t,; = t, for n > 3 and 5,4 = 5, forn > 3. In
Section 2 we shall investigate the relation between s, t,qr and cardinal invariants
of the ideal of finitely chromatic graphs. In Section 3 we shall show the consistency
of non*(#) < b for F,-ideals on w. In Section 4 we shall answer a question by
Solecki from [15].

§1. n-splitting number and n-reaping number. In this section we shall show
Spair = Sp and ty; = v, forn > 2.

We call A C [w]" unbounded if for k € w there exists ¢ € A such thata Nk = (.

For X € [w]” and unbounded 4 C [w]", X n-splits A4 if there exist infinitely
many a € Asuchthata N X # (anda \ X # 0. Wecall§ C [w]® an n-splitting
family if for each unbounded 4 C [w]" there exists X € & such that X n-splits A.
The n-splitting number s, is the least size of an n-splitting family.

We call Z C Z([w]") an n-reaping family if for each 4 € %, A is unbounded
and for X € [w]®, there exists 4 € & such that X does not n-split A, that is, for all
but finitely many a € 4,a N X = or a C X. The n-reaping number t, is the least
size of an n-reaping family. So s, = 52 and vy, = .

The following relations hold between s, for n > 2 and between ¢, for n > 2.

PROPOSITION 1.1. (1) Spyr =82 > 83 > -+ > 5, > ... and s, > s forn > 2.
(2) var=12<t3<---<v,<...andv>rv,forn > 2.

Proor. Fix n > 2. Let & be an n-splitting family of cardinality s,. For an
unbounded 4 C [w]*!, let A* C [w]" be the collection of the initial #-many
elements of an element of A. Then there exists X € & which n-splits 4*. So there
exist infinitely many @ € A* such thata N X # () and a \ X # 0. Since for each
a € A*, there exists a* € A4 such that a C a*, there exist infinitely many a* € 4
such that a* N X # P and a* \ X # (. So S is an (n + 1)-splitting family. Hence
Spt1 < Sp.

We shall show s, > s. Let & be an n-splitting family of cardinality s,. For
Y € [w]®, fix an infinite subset Ay of [Y]" whose elements are pairwise disjoint.
Then Ay is unbounded. Pick X € & which n-splits Ay. So there exist infinitely
many a € Ay suchthata N X #0Panda\ X # 0. Hence [ X NY|=|Y \ X| = .
So X splits Y. Therefore § is a splitting family. So s, > s.

We shall show t, < t,,1. Let % be an (n + 1)-reaping family of cardinality t,, ;.
Put #* the set of the initial 7-many elements of an element of #Z. Given X € [w]®,
pick A € & such that for all but finitely manya € 4. anNX =@ ora C X. Put A*
the set of initial segments of size n of elements of 4. Then for all but finite many
a* € A*,a*NX =0ora* C X. So Z* is an n-reaping family of cardinality v, .
Hence t, < t,41.

We shall prove v > t,. Let & be a reaping family of cardinality t. For each
Y € £, fix an infinite subset Ay of [Y]" whose elements are pairwise disjoint.
Z* is the collection of Ay with ¥ € &#.
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For X € [w]®, pick Y € & such that Y \ X is finite or X N Y is finite. Then for
all but finitely many a € Ay, a C X or for all but finitely many ¢ € Ay, a does not
meet X. So #£* is an n-reaping family of cardinality t. Therefore v, < t. -

Proposition 1.1 was proved as early as v, and s, were defined. However, it was
not known whether s, = s, for n > 3 or not.
Between t,,; and t,, we can prove the following statement.

PROPOSITION 1.2. tp; = v, for n > 3.

PrOOF. We shall prove that t,,; > v4. Let & be a pair-reaping family of cardinal-
ity vy.. Without loss of generality we can assume % is closed under finite changes.
ie.if C € Zand|D A C| < Ny then D € &#; and A is pairwise disjoint for each
A € Z. Let ey be a bijection from 4 to w. Put

R*={C:34.B egf(C:{Ue;l[b]: b eB})}.

We shall prove such &#Z* is a 4-reaping family. Let X € [w]”. Then we can find
A€ X suchthatforalla € A, anX =Pora C X. Then define Y4 x C w so that

e;'(n)c X if 3%m € w (e;'(m) C X) .

neYyyif
Ax {eAl(n) NX =0 otherwise

Pick B € & such thatforallb € B,bN Yy = Dorb C Yyx. Let Cyp =
{Ue;'[b]: b € B} € %*. Letbh € B. Sincefora € 4, anX =fPora C X,
e;l(i)ﬂX = (Z)ore;l(i) C Xforieb.SincebNY, xy =0orb C Y yforb € B,
Ue;l[b] NX =0or Ue;l[b] C X. So X does not 4-split C4 5. Since |Z*| = tyaur.
t4 < tyur. By Proposition 1.2 ¢, = t3 = t4.

Similarly we can prove t,, = t, forn > 2. -

David Asperd conjectured that s, = s3. Shizuo Kamo gave the proof. The
proofs for the splitting numbers are not dual to the proofs for the reaping numbers.
It might simplify in terms of Galois—-Tukey connections as in [16]. However it might
be difficult. In [11] and [12], Mildenberger introduced another variation of reaping
numbers t, and t, = t,,(= t) holds for n,m € w but it is proved that there are no
nice Galois—Tukey connections between Mildenberger’s reaping numbers.

THEOREM 1.3. (Kamo) $pair = Sy for n > 3.

PrOOF. We shall prove s, = s54. Let ZFC™ be a large enough fragment of ZFC.
Suppose s4. 53 < Spqi holds. Let M be a model of ZFC™ such that the cardinality
is 53 and My N [w]® is a 3-splitting family and 4-splitting family.

Pick an infinite subset 4 of [w]> which is not 2-split by My N [w]”. Without loss
of generality we can assume this 4 is pairwise disjoint.

Let M, be a model of ZFC~ of cardinality s3 which contains 4 and all elements
of My. Pick B in M, such that B is an infinite subset of [4]? and B is not 2-split by
any elements in M N [A4]”. We can also assume this B is pairwise disjoint.

Let C = {aUb: {a.b} € B}. Since My N [w]® is a 4-splitting family, there exists
X € My N [w]” such that X 4-splits C. Since A4 is not 2-split by X, there exist
infinitely many ¢ € 4 such thata C X or X Na = (). So there exist infinitely many
{a,b} € B suchthata C X and b does not meet X. Put ¥ = {a € 4: a C X}.
Then Y € M, and Y 2-splits B. However, this is a contradiction to the fact B is
not split by any infinite subset of 4 in M.
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Similarly we can prove that s, = s, for n > 2. Therefore 5,4, = s, for
neaow. -

82. The ideal of finitely chromatic graphs. In this section we shall investigate the
relation between the finite chromatic ideal, pair-splitting number and pair-reaping
number.

The finite chromatic ideal on [w]? is defined by

Zre = {A C [0]: y(w. 4) < Ny}

where y(w, A) = min{k € w: (3f € k?)(Va € A)(|f[a]| = 2)}.
THEOREM 2.1. The following conditions hold.

(1) Spair = cov™ (*?FC),

(2) non*(Zrc) is the minimal cardinality of a family ¢ C [[w]*]” such that for any
finite partition P of w there is an element A of ¢ such that for every r € A
thereis P € P such thatr C P and

(3) Cpair < non*(gFC)-

Proor. First we shall prove s,,» < cov*(Zrc). Let &/ be a subset of Zrc such
that |/ | = cov*(Zrc) and

(1) (VX ClwP)34 € ) (|X| =Rg — [ANX| =Ny).

Cram 2.2. If A € Grc. then there exist n € w and A; C A for i < n such that
A=U,,Ai and y(4;) =2 fori < n.

ProOOF OF CLAIM. Suppose 4 € Zrc, k € wand f: w — k suchthatforalla € 4
|fla]l] = 2. Fori,j < kwithi < j,putd;; ={a € A: fla] = {i.j}}. Then
2. 4;))=2and 4= ] 4. =

i j<k,i<j

By this claim, we can assume y(w.A) = 2 for A € &. For each 4 € &,
fix f: @ — 2 so that f witnesses y(w.A) = 2. Put 49 = f~'(0)N|J4 and
.,Qfoz{A()ZAE.SZ/}.

Then % is a pair-splitting family. Let B C [w]? be infinite. Since & satisfies (1).
there is 4 € & such that |4 N B| = Ny. So there exist infinitely many » € B such
thatb € 4. So there exist infinitely many » € B such thatbN A4y # @ and b\ Ay # 0.
Therefore s,4; < cov*(Zrc).

We shall prove sy, > cov*(Zrc). Let S C [w]” be a pair-splitting family. For
each S € S, put As = {a € [wP:anNS #PAanw\S # 0} and ¥ (5) =
{As: S € S

Then &/ (&) satisfies that for each infinite X € [w]?, there exists an Ag € &/(S)
such that |[X N As| = Ny. Let X C [w]® be infinite. Since & is a pair-splitting
family, there exists an S € & such that S pair-splits X. So there exist infinitely
many a € X suchthata NS # @ and a \ S # (). Hence | X N Ag| = Ny. Therefore
cov* (gFC) < Spair-

In order to prove (2), note that if P is a finite partition of w then Gp =
{{n.m}: 3a # b € P)(n € a Am € b)} € Zrc, and moreover, {Gp: P is a
finite partition of w} is a base of rc. Then, if & is a family as in (2) then &/
itself witnesses non*(Zrc); and if & is a witness of non*(Zrc) then defining &/
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as the family of finite changes of elements of % we are done. (3) follows directly
from (2). =

It can be easily seen that Zrc is an F,-ideal. In particular, s, is equal to the
covering number of an F-ideal and v, is bounded by the uniformity number of
an F,-ideal.

Concerning to the covering number of F;-ideals and b, we can construct a proper
forcing notion which destroys tallness of an F;,-ideal and preserves the unbounded
number.

THEOREM 2.3. [9] For each F,-ideal .7, there exists a proper forcing notion P »
which is 0®-bounding and adds a new element X in the extension such that | X NI | <X
forl e FNV.

By using w,-stage countable support iteration of P_», we can show the following
statement.

COROLLARY 2.4. Suppose # is an Fs-ideal on w. Then it is consistent that
cov*(F) > 0.

COROLLARY 2.5. [t is consistent that sy, = cov*(Zrc) > 0.

83. The uniformities of F,-ideals. The eventually different ideal is defined by
& ={ACowxw: (3mnew)Vk>n)({l: (k) A} <m)}.

Define €25, = &2 | A, where A = {(m.n): n <m}.
On the cov*(£2) we have the following result.
LeMMA 3.1. cov*(€2) = non(4Z).
Proor. We will use the following lemma, due to Bartoszynski and Miller.
LemMa 3.2 ([2], Lemma 2.4.8). For any cardinal k the following are equivalent:
(a) kK < non(A),
(b) (Vg € [0°]")(3g € 0°)(3X € [w]”)(Vf € F)(vn € X)(f(n) # g(n))
an
(c) (VF € [£]")(3g € 0®)(VS € F)(V>°n)(g(n) ¢ S(n))
Let # be a subset of @w® of minimal cardinality such that

(Vg € 0”)(VX € [w]”)3f € 7)(3%n € X)(f (n) = g(n))

(We are identifying every function f € w® with its graph {(n. f(n)): n < ®}.)
Define &/ = F U {{n} x w: n < w}. Obviously & C &Z. We claim that &/ is a
covering family. Let X be an infinite subset of w x w. If there exists n < w such
that X, = X N ({n} x o) is infinite, then X, is an infinite subset of an element
of &. If the set A = {n < w: X,, # 0} is infinite then there exists f € F such that
f(n) = min(X,) for infinitely many n € A. Hence, f N X is infinite.

On the other hand, let & be a subset of €7 with || < non(#). For every
A € ¥, let ngy < w such that |4, | < ny for all k > ny, and define a slalom S4 by

0 ifn<ny
S =
4(n) {An ifn >ny
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Note that |[{S4: 4 € &}| < ||, and by the lemma above, there exists g € w® such
that for every 4 € &/, g(n) ¢ S4(n), for almost all n < w. Hence, g N A is finite for
all 4 € &/, and so, & is not a covering family. -

THEOREM 3.3. If 7 is a Borel ideal on w, then non*(.%) = w or EDfin <k S .
So non*(#) = w or non* (€% ,) < non*(.7).

Proor. For a Borel ideal .7, let us consider the following two-player game: In
stage k., Player I chooses a finite subset F of w and then, Player II chooses a natural
number ny ¢ Fy.

I | Fy € [w]<® F| € [0]<®
11 | no ¢ Fo ni ¢ F]

Player I wins if {n;: i € w} € . and Player I wins {n;: i € w} € F*.
Cramv 3.4. If Player I has a winning strategy then €2 5, <gp 7.

Proor oF CLam. If Player I has a winning strategy then there is a cofinite-
branching tree T C ®w<® such that every ¢t € T is an increasing sequence and
rng(f) € 7 forall f € [T]. Choose g: w — w a strictly increasing function such
thatif n € w and 1 € T with rng(¢) C g(n) then [g(n + 1).00) € Succr(t). Then
every selector of { [g(n) g(n+1)): n € w} is the range of a branch of T. Therefore
every selector of {[g(n).g(n+1)): n € w}isin.7.

Choose f: w — A an injection so that for each n € w, there exists k € w such
that f [[g(n).g(n +1))] C {(k.I): 1 <k}.

We shall show this f witnesses €2, <kxp 7. Let [ € &2, and m € w be such
that for all but finitely many k, [{(k.[): | <k A{k,I) € I} < m. So f~'[I]isa
union of m-many selectors of { [g(n) g(n+1)): n € w}. Since every selector of
{lgn).gln+1)):new}ising, fI]€ 7 ie. &P, <kp 7. =

Cram 3.5. If Player 11 has a winning strategy, then non*(.%) = w.

ProoOF OF CrLamv. Player I has a winning strategy if and only if there exists an
infinitely-branching tree T C w<® such that rng(f) € 7" forall f € [T].

We shall show {succr(¢): t € T} isawitness of non*(.#). Assume to the contrary
that there exists I € .# such that |I Nsuccr(t)] = w for all ¢t € T. Then there
exists b € [T] such that rng(b) C I € #. This is a contradiction. Therefore

non*(.7) = w. =
By Borel determinacy this game is determined i.e., either Player I or Player 11 has
a winning strategy. So &7, <gp .# or non*(.f) = w. -

Concerning to the cardinal invariants of &7 ,. we have proved the following.

PrROPOSITION 3.6. The following relations hold.:

(1) non*(&Zs,) <,

(2) cov(#) = min{d, non*(&Z )} and

(3) non(#) = max{b, cov*(&Z,)}.

Proor. For any 4 C A we will denote by 4, = {m < n: (n.m) € A}. Let us
prove (1). We will say that a family % of infinite subsets of w is hereditarily reaping
if forevery X € & and every infinite subset Y of X thereis Rin & suchthat R C Y
orRCX\7Y.
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LemMaA 3.7. v = min{|Z|: % is hereditarily reaping}

Proor. It will be enough to prove that there is a hereditarily reaping family with
cardinality t. Let &€ be a reaping family with cardinality v. Define &, by recursion
onn<w. Let@y=¢&. Given@, and 4 € @,,let @, | A be a reaping family on 4
with cardinality t. Put @, = UAG@ @ui1 | A. So. Z = U, <, @n is a hereditarily
reaping family. -
Let &% be a hereditarily reaping family, and for every R € % and n < o define
Xpp={(m.n):m>nAme R} Wewill see that / = {Xg,: RE ZAn<w}
witnesses non* (€% ). Let I be in €2 4,, and choose {f;: i < n} functions such
that I C (J,, fi. Define 4; = {k: (3i <n)(fi(k)=j)}.for j < n.If A; is finite
for some j < n, then I N Xg; is finite for every R € %. So we can assume 4, is
infinite for j < n. Let Ry be in % such that RyN Ay = @ or Ry C Ap. In general, for
1 <j<nwecanfind R; € Zsuchthat R,N(R;_1NA;)=0orR; CR;_1NA;.
If the first case is true for a j < n we are done, because for j minimal, we have that
Xg, ;NI =0. Suppose that R; C R; | N A; forall j < n. Then, for any k € R,.
IN({k}xw)=n+1,andso, Xz, i1 NI = 0.

In order to prove (2) we will need the following lemma, due to Bartoszynski and
Miller.

LemMA 3.8 ([2], Lemma 2.4.2). For any cardinal k the following conditions are
equivalent:

(i) & < cov(A) and

(i) (VF € [0°])(VG € [[0]°]")3Bg € o®)(Vf € F)VX € G)3%n ¢

X)(f (n) = g(n)). 5

Let & be a subset of [A]™ with || < cov(#). For every X € & define
Gy ={n<w: XNn({n} xw)# 0}and let fy € v be a function such that
fx(n) € XN ({n} x ®). By the previous lemma, there is a function g € w® such
that fx(n) = g(n) for infinitely many elements n of Gy, for all X € &. Then,
ANg is an element of &7 ;, having an infinite intersection with every element of 2,
proving |Z| < non*(£%Z,). So cov(#) < non*(&Z,). In addition, it is a well
known fact that cov(.#) < 0. Therefore cov(#) < min{d. non*(Z,)}.

We shall show min{0. non*(&Z,)} < cov(/). Let s be a cardinal lower than 0
and non* (&% 4,). We will prove and use the following lemma.

LemMA 3.9. Let k be an infinite cardinal. The following conditions are equivalent.

(a) Kk < non*(&Zs,) and

(b) for every bounded family F of k functions in w® and every family & of k
infinite subsets of w there exists a function g € w® such that for all f € F
and A € o/, f (n) = g(n) for infinitely many n € A.

PrOOF. Suppose that x satisfies (b) and let & be a family of » infinite subsets
of A. For every B € &, let Xg = {n: B, # 0} and f5: o — w such that
(n,fg(n)) € Bifn € Xp, and fp(n) = 0if not. The families ¥ = {fp: B € B}
and & = {Xp: B € &} have cardinality &, and so, there exists a function g € w®
such that for all B € % there are infinitely many n € X3 such that g(n) = fp(n).
showing that g has an infinite intersection with B.

On the other hand assume that k < non*(&%,). # C w® and & C [w]® have
cardinality k, and ¥ is bounded by an increasing function 2 € w®. We will identify
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every f € & with a subset of an &2 p,-positive subset A’ of A, as follows: Define
X = hlw]. A =[],cxn. A" = h[A]if A € &, and for f € &, define /" X — w
by f'(n) = f(h=Y(n)). So, F' = {f": f € F} is a family of infinite subsets of A’.
Let Z ={f'14:fe€F NAe L} Since |%| = k, there exists I € €D,
such that 7 N B is infinite for all B € &. Let {g;: i < N} be a set of functions
in w” such that I C |J;.y gi. Define By 4 = {n € A’: f'(n) = g;(n)}. for some
i < N suchthat |(f' | A')Ngi| =Np.and define@ = {B;4: f € F NAc A}
By Proposition 3.6 (1) || < k < t, and so, there exists ¥ € [w]® such that
|Y N Bya| = = |Brs\ Y|. Wecan find a partition { Yy, Y1} of Y such that
|YoN By 4| =Ro = |Y1NBy 4| . forall f € F andforall 4 € &/, and inductively, we
can find a partition { Y. Yi..... Y, } of Y such thatforeveryi < n.|B; 4NY;| = No.
Now, we define g(n) = g;(n)ifn € Y; and g(n) =0if n ¢ Y. Given f and 4, if
i <nissuchthat By, ={n e A': f'(n) = gi(n)} then f'(n) = g(n) for infinitely
manyn € Y;NA’. andso, f(n) = g(h(n)) for infinitely many n € A~'[Y;]NA.

Let us prove that x < cov(#) when x < min{0. non*(£%,)}. by using Lemma 3.8.
Let F and G be families such that F € [w®]* and G € [[w]*]".

Cram 3.10. There exists h € w® such that for all X € G and for all f € F,
f(n) < h(n) for infinitely many n € X.

Proor of THE CLaM. Forall f € F, X € G, let ey be the enumeration of X and
let iy x € w” be such that hy x(n) > f(ex(i)) forall i < n. Since x < . there is
a function A which is not dominated by {#,y: X € G A f € F}. This i does the
work. B

Now, for every f € F define f’ € w® such that f'(n) = f(n) if f(n) < h(n)
and f'(n) = 0 otherwise: for every f € F and for every X € G define C;y =
{neX: fn)<hn)}, ¥ ={Cypx: fEFANX € Gtand F = {f" f € F}.
F is bounded and so, by Lemma 3.9, there is g € @w® such that for all f € F
and for all 4 € &, g(n) = f'(n) for infinitely many n € 4 and in consequence,
g(n) = f(n) for infinitely many n € Cyxy C X for every X € G. Therefore
K < cov() by Lemma 3.9.

We shall prove (3). Itis well known that b < non(.#) and note that €7 <x &2,
and so, cov* (D ,) < cov*(&Z) = non(A). So max{b, cov* (€D 4,)} < non(AL).

To show max{b.cov*(£Z,)} > non(4), we are going to use the following
lemma.

LemMa 3.11 ([2], Theorem 2.4.7). non(.#) is the size of the smallest family F C
®® such that for every g € w® there is an element f of F such that f (n) = g(n) for
infinitely many n € . -

Let s be a cardinal greater than cov*(£%,) and greater than b. Let & =
{fa: @ < k} be an unbounded family of functions in ®®, and let G, a witness
of cov* (&%) in Ay = {(n.m): m < fo(n)}. for all @ < k. Without loss of
generality we can assume that every element of 1 of G, is the graph of a function in
®®. We will prove that 7 = J,,_,. Gq is such that for every g € 0 thereis f € F
such that f (n) = g(n) for infinitely many n € w. Given g € w®, let a < & be such
that f, £* g. Then, g N A, is infinite and so, there is I € G, such that 7 N(gNA,)
is infinite. Since 7 is the graph of a function in &, we are done. -
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By Proposition 3.6, it is consistent that non*(£Z5,) < b. For example if the
ground model satisfies Martin axiom, then the random forcing corresponding to
the product space 2! forces non*(£%,) = cov(#) = w; < b = ¢. However,
we cannot use this argument to show the consistency of non*(.#) < b for every
F,-ideal .# because cov(./") < non*(Zrc) and the random forcing corresponding
to the product space 2! forces cov(./) = ¢ whenever the ground model satisfies
Martin axiom.

However, F,;-ideals on w have the following good property.

THEOREM 3.12. [10] .7 is an F,-ideal on w if and only if % = Fin(p) for some

lower semi-continuous submeasure @, where Fin(p) = {4 C w: ¢(4) < co}. Here
p: P(w) — [0, 00] is a lower semi-continuous submeasure if

(1) (@) =0,

(2) whenever X, Y Cwand X C Y, p(XUY) < o(X)+p(Y),

(3) ¢({n}) < oo forn € w and

(4) p(A) =lim,_o (A Nn) for every A C .

To show the consistency of non*(.#) < b, we shall use the Laver forcing L. L
is defined by T € L if T C @w<? is a tree and for s € T with stem(T) C s,
|sucer(s)| = Ng. L is ordered by inclusion. Then L. adds an unbounded real.

PROPOSITION 3.13. Let G be a lL-generic over V and f ¢ = J{stem(T): T € G}.
Then f € w® and f ¢ dominates forallg € o® NV

Therefore, if L, is an wy-stage countable support iteration of Laver forcing, then
ylo =b=c.

By Proposition 3.13 it is enough to show that L,,, preserves non*(.#) for each
F,-ideal .# on . We shall use the Laver property.

DEerFINITION 4. [4] A forcing notion P have the Laver property if forevery H : @ —
weV

I (w e[[HmN V[G]) Q4: 0 — o< € V)

new

(Vn e w) (f(n) € An) A |A(n)] <27).

The Laver property has the following good property.

THEOREM 4.1. [4] The Laver property is preserved under countable support iteration
of proper forcing notions.

THEOREM 4.2. [2, p. 353] The Laver forcing L has the Laver property.
So L, has the Laver property.
THEOREM 4.3. If 7 is an F,-ideal on w, then it is consistent that non* (%) < b.

PrOOF. Let .7 be an F,-ideal and let ¢ be a lower semi-continuous submeasure
such that .# = Fin(p).
If a forcing notion P has the Laver property, then P has the following good

property:
Lemma 4.4. If'P has the Laver property, then

Fp “(VX € Z NV[G]) (34 € [w]* N V) (| X NA| <No) "
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ProoF oF LEMMA. Let p € P and let X be a P-name such that Ibp “X € #7.
Without loss of generality we can assume that there exists n € w such that p IFp
“o(X) < n”.

Cram 4.5. Let ¢: P(w) — [0.00] be a lower semi-continuous submeasure such
that Fin(p) = 7 for some F,-ideal on w. For each k € w andl € w. there exists
m € w such that p([I, m]) > k.

PrOOF OF CLAIM. Since [/,00) ¢ 7, p([/,00)) = oo. Because ¢ has the lower
semi-continuous, there exists m > [ such that ¢([l. m]) > k. —

Let IT = (I;: j € w) be an interval partition of w such that ¢(/;) > 2/ - n. By
the Laver property, there exist ¢ < pand 4: » — |, P(21/) € V such that for
j €w. A(j) C 2l and |A(j)| <2/ and q IFp “Vj € w (X | I; € A(j)) . Without
loss of generality we can assume ¢(J) < n for J € A(j) and for j € w. By the
finite subadditivity of . p(JA4(j)) < >;c;)e(J) <2/ -n. SoI; \ 4; # 0
for j € w. Choose y; € I; \|JA(j) for j € . Put Y = {y;: j € w}. Then
g lkp “X N Y = 0”. Therefore IF “VX € #3Y € [NV (X N Y| <X)”. A

So if the ground model satisfies CH, then V' |= [@w]” N V witnesses non* (7).
Therefore it is consistent non* (%) < b. 4

In [7] Masaru Kada introduced a cardinal invariant associated with the Laver
property.

We call a function from w to [w]<* a slalom. Let & be the collection of slaloms
such that V¢ € SVn € w(|¢(n)| < 2"). [is the smallest cardinal x such that for
every h € w® there is a set ® C & with cardinality « such that, for every f € w
with f(n) < h(n) for all n < w, there is ¢ € @ such that for all but finitely many
n € w, we have f(n) € ¢(n).

Pawlikowski showed that the dual notion to the definition of [ characterizes
trans-add(.#), transitive additivity of the null ideal (see [2, p.91]). That is,
trans-add(.#) is the smallest size of <*-bounded family F C w® such that for
every ¢ € & thereis f € F such that for infinitely many n € w, f(n) ¢ ¢(n).

As the proof of Theorem 4.3 we can prove the following statement.

COROLLARY 4.6. If % is an F,-ideal, then

(1) non*(#) < land
(2) cov*(#) > trans-add (/).

PrOOF OF COROLLARY. 1. Let .# be an F,-ideal on w and let ¢ be a lower semi-
continuous submeasure such that Fin(p) = .#. Choose Il = (I;: j € w) an
interval partition of w such that ¢(/;) > 2/ - j. Choose ® a family of functions
from o to U, ¢, P (21 such that

Lo <1,
ii. foreach j € w and ¢ € ®, ¢(j) € 2% and |¢(j)| < 2/ and

iii. for each X € [w]?®, there exists ¢ € @ such that for all but finitely many

jew. XNI;€og(j),
Without loss of generality we can assume that for each ¢ € ® andeach j € w, J €
¢(j) implies ¢(J) < j. Forcach j € w and ¢ € . p(J$ (/) < Xyep) 0 () <
2/ - j.Soforeach j € J, I; \Uo(j) #0.
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For each ¢ € @, choose Xy € [w]® such that X, N I; \ U¢(j) # 0. Put
& ={X4: ¢ € ®}. We shall show for each I € .7, there exists X € & such that
[ANT] < Ry.

Let I € .7 and let n € w such that ¢(I) < n. Choose m € w and ¢ € ® so that
for j > m,INI; € ¢(j). Thenfor j > maxn.m XsNI;NI =0. So|XyNI| <.
Hence non*(.#) < [.

2. Let .7 be an F,-ideal. Let & C .# such that |%/| < trans-add(./"). Let
I1 = (I;: j € w) be an interval partition of w such that ¢(7;) > 2/ - j.
Since || < trans-add(./), there exists ¢: @ — | J;.,, 2 (2%) such that

i. foreach j € w. ¢(j) C 2 (20),
ii. foreach j € w. |¢(j)| <2/ and
iii. foreach I € & for all but finitely many j € w, I N 1; € ¢().

JEW

Without loss of generality we can assume that for each j € w and J € ¢(}),
¢(J) < j. By the finite subadditivity of . (U (/) < 22,4,y (J) <2/ - j for
each j € w. So I; \J¢(j) # 0 for j € w.

Choose X, € [w]” such that Xy N I; \ J¢(j) for j € w. Foreach I € «,
there exists m € w such that j > m implies I N I; € ¢(j). Then j > m implies

INI;NXy=0.8So|I NX4| <Ry Therefore trans-add(#") < cov*(.7). 8
cov(#) =—— cov* (D ) <—— non(A) cof (&) cof () .
cov*(.7)
trans-add (/) b<—-7—0

[
non* (%)

add(/) add(#) <—— cov(#) =<—— non* (89 ,) <—— non(4")
where .7 is an Fy-ideal on w and non*(.%) # w.

COROLLARY 4.7. (1) It is consistent tyqy < b.
(2) tpair < Vand spair > trans-add ().
QuesTION4.8. (1) vy < spair?

(2) If 7 is a Borel ideal, then non* (%) < cof (/)?

§5. Fatou’s lemma and a question of Solecki. In this section we answer a question
of S. Solecki related to the Katétov order by using cardinal invariants of Borel ideals.

For a sequence of (a,),ce of real numbers and an ideal .# on w, lim ~inf a, =
sup{reR: {n€w:a,<r}es}.

Let (X, %. 1) be a o-finite measure space with x4 defined on o-algebra %. Let
fu: X — [0,00] be a sequence of u-measurable functions and let .# be an ideal
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on w. We say that Fatou’s lemma holds on (f,: n € w) with respect to .7 if
o < m
llgnmff,, du < l{rynmf/f,, du

where f is the lower integral, i.e., if g > 0, then

/g du = sup {/fdﬂ: f<gandfis ﬂ-measurable}.

Let .# be an ideal on w. We say that Fatou’s lemma holds for .# if Fatou’s lemma
holds with respect to .# for any sequence (f,: n € w) of measurable functions
from X to [0, c0) on any o-finite measure space.

The ideal & is a critical (locally minimal in the Katétov order) among the ideals
which satisfy Fatou’s lemma. Let Q = {U € Clopen(2®): u(U) = %} S isanideal
on Q generated by the set {/,: x € 2?} where I, = {U € Q: x € U}.

THEOREM 5.1. [15] Let .7 be a Borel ideal on o.

 does not satisfy Fatou’s lemma if and only if there exists X € F* such that
S<gk I X

Concerning this theorem, Solecki asked the following question.

QUESTION 5.2. [15] Can S be replaced by Zpc?

When we think about question related to the Katétov order, cardinal invariants
of ideals are significant.

THEOREM 5.3. cov* (&) = non(//).

To prove this theorem, we will use the following lemmas.

LemMA 5.4. [5] For any {U,: n € o} C Q,

1
u{x €2?: 31®°n(x € U,)}) > 5

ProOF OF LEMMA. Assume to the contrary that there exists {U,: n € w} € [Q]”
with u({x € 2*: 3°n € w(x € U,)}) < 3. Then there exists a compact set K C 2%
such that x(K) > 1 and K is disjoint with {x € 2”: 3%°n € w(x € U,)}. Let
6 =u(K)—1>0. Then u(K N U,) > i foreachn € .

For each k € w, define 4,y C K by

Ar={xeK: |{ncw:xec U} =k}

Then u(K) = 3¢, #(4x). So there exists m € w such that 37, u (Ak) < 4.
For each n < m, choose a compact subset C,, of 4,, so that u(A4 2\ Cn) < 2m

Put C =J,_,, Cs. Then u(,_,, 4x \ C) < %. Since
o 0
w(K\ C) = ngmﬂ +unL<JmA \C)<5+5=0

w(CNU) > ulC)+4—1>0frn € w However Yoneo(C N U,) <
m - u(C) < oo by C,, C A, for n < m. This is a contradiction. Therefore
u({x €22: Fn(x € U,)}) > ¥
LemMA 5.5. Given X C 2.
(1) If w*(X) < L. then {I.: x € X} does not witness to cov*(s).
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(2) If{I:: x € X} does not witness to cov*(S). then u*(X) < 3.

PROOF OF LEMMA. (1) Assume u*(X) < 4. By the definition of the outer mea-
sure, there exists a compact subset K of 2¢ such that u(K) = % and KNX =0.

Let {U,: n € w} be a strictly decreasing sequence of open sets such that K =
Mycw Un- Choose V,, € Q such that V,, ¢ {V;:i < n} and V,, C U,. Let
Y={V,:necw}

Since K N X = (), for each x € X, there exists n € w such that x ¢ U,. So
|Y NI < wforevery x € X.

(2) Suppose {I,: x € X} does not witness to cov*($). Choose
Y={U,:ncow}e[Q
such that |/, N Y| < w. By Lemma 5.4,

1
afx €2’ LN Y[ =w}) = 5.
So
1
,u*(X)g,u({xEZw:|1xﬁY|<w})§§- =

PRrROOF OF THEOREM 5.3. Firstly we shall show cov*($) < non(/4).

Let X be a non-null set with u*(X) > 0.

CLAM 5.6. There exists Y C 2% such that |Y| = |X| and u*(Y) = 1.

Then {/,: x € Y} is a witness to cov*(s) by Lemma 5.5.

Next we shall show cov* () > non(/#). Let & < non(.#) and let X C 2% with
|X| = k. Then p*(X) = 0. By Lemma 5.5, {I,: x € X} does not witness to
cov*($). So k < cov*(&). Therefore non(#") < cov*(S). 4

COROLLARY 5.7. Grc >k & but Erc ﬁ]{ S.

PROOF. @pc >k & is proved in [15]. We shall only show Zpc £k .

In the Cohen model, cov*(Zrc) = Spur < cov*(S) = non(A") since spur <
non(.#) [13]. By Proposition 0.4, Zrc £k & in the Cohen model. By absoluteness

of the Katétov order on Borel ideals, ZFC + Zpc £k S. B
We need to find a Borel ideal .# such that .# >g & but for every X € 77,
v fX ZK gpc.

nwd denotes the ideal of nowhere dense subsets of Q.

By the Sierpinski’s characterization of Q we have the following.

TueOREM 5.8. [1] nwd ~k nwd [ X for every X € nwd™.

Given a forcing notion P, we say an ideal ¥ on w is P-indestructible if P does
not add an infinite subset of w which is almost disjoint from every element of .7.
We say an ideal .# is P-destructible if .7 is not P-indestructible. The ideal nwd is
important when we think which ideals on @ are Cohen-destructible.

THEOREM 5.9. [8, 6] .7 is Cohen-destructible if and only if % <g nwd.

Using this theorem, we can decide the Katétov order between ¢ and nwd and
between & and nwd

THEOREM 5.10. (1) & <g nwd.

(2) gFC f[{ nwd.
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Proor. First notice that the Katétov order among Borel ideal is written by a
¥)-formula with reals as parameters which code Borel ideals. So it is absolute by
Shoenfield absoluteness.

Work in amodel V. Let C,; be a k-stage finite support iteration of Cohen forcing.
In the model V'C+ . cov*(S) = non(#') > cov(#). So & is C+-destructible. By
homogeneity of Cohen forcing, it destroys S in V. By Theorem 5.9, V' |= & <k nwd.

However, adding ¢ -many Cohen reals implies that

cov” (‘?FC) = Spair < non(/ﬂ) =_¢

while cov*(nwd) > ¢*. So V& & Zrc £k nwd. By Shoenfield absoluteness.
V ': gpc ﬁ]{ nwd. -

By Theorem 5.8 and 5.10, & can not be replaced by Zr¢ in Theorem 5.1. So the
answer of Question 5.2 is in the negative.

Acknowledgment. While carrying out the research for this paper, Hiroaki Minami
discussed this work with Jorg Brendle. He gave helpful advice. We greatly appreciate
his help. We also thank Shizuo Kamo for proving Theorem 1.3, for allowing us to
include his proof in this paper and for pointing out some remarks. We also thank
Masaru Kada for pointing out corollary 4.7 2. We thank the referee for suggesting
many improvements.

REFERENCES

[1] B. BALCAR, F. HERNANDEZ-HERNANDEZ, and M. HRUSAK, Combinatorics of dense subsets of the
rationals, Fund. ta Mathematicae, vol. 183 (2004), no. 1, pp. 59-80.

[2] TomEK BarTOSZYNSKI and HAM JUDAH, Set theory. On the structure of the real line, A K Peters,
Wellesley, MA, 1995.

[3] ANDREAS BLass, Combinatorial cardinal characteristics of the continuum, Handbook of set theory
(Matthew Foreman and Akihiro Kanamori, editors), Springer-Verlag, Berlin, to appear.

[4] MARTIN GOLDSTERN, Tools for your forcing construction, Set theory of the veals (Haim Judah,
editor), Israel Mathematical Conference Proceedings, vol. 6, American Mathematical Society, 1991,
pp- 305-360.

[5] FERNANDO HERNANDEZ-HERNANDEZ and MICHAEL HRUSAK, Cardinal invariants of analytic P-
ideals. Canadian Journal of Mathematics, vol. 59 (2007). no. 3, pp. 575-595.

[6] MicHAEL HRUSAK and SALVADOR GARCiA FERREIRA, Ordering MAD families a la Katétov, this
JOURNAL, vol. 68 (2003). no. 4, pp. 1337-1353.

[71 MasaRU KADA, More on Cichon’s diagram and infinite games, this JOURNAL, vol. 65 (2000), no. 4,
pp. 1713-1724.

[8] M1L0S S. KURILIC, Cohen-stable families of subsets of integers, this JOURNAL, vol. 66 (2001), no. 1,
pp- 247-270.

[9] CLAUDE LAFLAMME, Zapping small filters, Proceedings of the American Mathematical Society.
vol. 114 (1992). no. 2, pp. 535-544.

[10] KrZYSZTOF MAZUR, Fy-ideals and wjw}-gaps in the boolean algebras #(w)/1. Fundamenta
Mathematicae, vol. 138 (1991). no. 2, pp. 103-111.

[11] HEIKE MILDENBERGER, Non-constructive Galois—Tukey connections, this JOURNAL, vol. 62 (1997).
no. 4, pp. 1179-1186.

[12] , No Borel connections for the unsplitting relations, MLQ. Mathematical Logic Quarterly,
vol. 48 (2002), no. 4, pp. 517-521.

[13] HIrRoAKI MINAMI, Around splitting and reaping number for partitions of , submitted August
2007.

[14]

. On pair-splitting and pair-reaping pairs of @, preprint.



CARDINAL INVARIANTS OF F;-IDEALS 17

[15] SLAWOMIR SOLECKI, Filters and sequences, Fund. ta Mathematicae, vol. 163 (2000), no. 3,
pp- 215-228.

[16] PETER VOITAS, Generalized Galois—Tukey-connections between explicit relations on classical objects
of real analysis, Set theory of the reals. Isracl Mathematical Conference Proceedings, vol. 6, 1993, pp. 619—
643.

INSTITUTO DE MATEMATICAS
UNAM
APARTADO POSTAL 61-3
XANGARI
58089, MORELIA
MICHOACAN, MEXICO
E-mail: michael@matmor.unam.mx

E-mail: dmeza@matmor.unam.mx

KURT GODEL RESEARCH CENTER FOR MATHEMATICAL LOGIC
WAHRINGER STRABE 25
A-1090 WIEN, AUSTRIA
E-mail: minami@kurt.scitec.kobe-u.ac.jp



