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Abstract. We answer a question of van Mill and Wattel by showing that there is
a separable locally compact space which admits a continuous weak selection but is not
weakly orderable. Furthermore, we show that a separable space which admits a continuous
weak selection can be covered by two weakly orderable spaces. Finally, we give a partial
answer to a question of Gutev and Nogura by showing that a separable space which admits
a continuous weak selection admits a continuous selection for all finite sets.

1. Introduction. The study of continuous selections was initiated by
E. Michael in his seminal 1951 paper [14]. He considered the hyperspace 2%
of all non-empty closed subsets of a topological space X equipped with the
Vietoris topology, i.e. the topology on 2% generated by sets of the form

(UsVo,..., V) ={F€2X : FCU and FNV; # 0 for any i < n},

where U, Vj,...,V, are open subsets of X. A function ¢ defined on 2%
(or some subspace of 2X) is a selection if p(F) € F for every member
of its domain. A selection is continuous if it is continuous with respect to
the Vietoris topology. In particular, a weak selection is a selection defined
on [X]?, the set of all two-element subsets of X.

The general question studied in Michael’s and subsequent articles is:
When does a space admit a continuous (weak) selection? In his paper,
Michael has shown that a sufficient condition for a space X to admit a
continuous weak selection is that it admits a weaker topology generated by
a linear order, i.e. that the space is weakly orderable. The natural question,
whether this characterizes spaces which admit continuous weak selections,
implicit in Michael’s paper, was stated explicitly in a paper by J. van Mill
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and E. Wattel [15]. Michael himself showed that the answer is positive for
connected spaces and that for compact connected spaces the existence of a
continuous weak selection on X is equivalent to orderability of X. J. van
Mill and E. Wattel showed the same for all compact spaces (not necessarily
connected). Building on work of G. Artico, U. Marconi, J. Pelant, L. Rotter
and M. Tkachenko [1], S. Garcia Ferreira and M. Sanchis [7] showed that a
pseudocompact space X admits a continuous weak selection if and only if
the Cech-Stone compactification X is orderable, and consequently, if and
only if X is suborderable (or a GO-space). Improving on Michael’s result
stated above, T. Nogura and G. Shakhmatov proved in [16] that a locally
connected space X admits a continuous weak selection if and only if it is
orderable. Recently, V. Gutev and T. Nogura [11], in a very nice survey arti-
cle on the selection problem, restated van Mill-Wattel’s question and asked,
in particular, whether a locally compact space admitting a continuous weak
selection is weakly orderable.

Here we will answer both questions in the negative by constructing a
separable locally compact Tikhonov space which admits a continuous weak
selection but is not weakly orderable. In fact, our space is a ¥-space, a
natural space associated to a carefully constructed almost disjoint family on
a countable set.

We further study the existence of continuous weak selections on separable
spaces. We show that, although the answer to van Mill-Wattel’s question
is negative even for separable spaces, every separable space admitting a
continuous weak selection can be covered by two weakly orderable subspaces.
As a corollary, we provide a partial answer to another question of Gutev and
Nogura [10] by showing that a separable space admitting a continuous weak
selection admits in fact a continuous selection for all finite sets.

All spaces considered here are at least Hausdorff. In general, all our
spaces X are Tikhonov, though the hyperspaces 2% typically are not. Given
a space X, we will work with the following special subsets of 2%, where n > 1:

FaX)={Fe2X:|F|<n}, [X]"={Fe2¥:|F|=n},
Fin(X) = U{}"n(X) ‘new}), K(X)={Fec2X:Fiscompact}.

We will denote by Sel(A) the collection of continuous selections for A.
In particular, Sel(F2(X)) consists of all continuous weak selections on the
space X. It is easy to see that X admits a continuous weak selection if and
only if there is a continuous function ¢ : X? — X such that ¢(z,y) =
o(y,x) € {z,y} for every x,y € X. We will refer to such a ¢ also as a weak
selection.

Given an ordered set (X, <) and z € X, we denote by («+, z)< the initial
segment and by (z,—)< the final segment determined by x, respectively;
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ie. ()< ={ye X :y <z}and (z,—)< = {y € X : z < y}. Similarly,
(Hax]ﬁ =X \ ($, _>)S and [.%, _>)S =X \ (<_>$)§'

Our set-theoretic notation is mostly standard and follows [13]. In partic-
ular, w stands for the set of all natural numbers (finite ordinals) and [w]“ the
set of all infinite subsets of w. A C* B denotes that A is almost contained
in B,ie. A\ B is finite; A =* B means that A C* B and B C* A. Recall
also that if C C [w]¥, then A € [w]* is a pseudointersection of C if A C* C
for every C € C.

Concerning weak selections we introduce the following notation. Let X
and Y be sets and 1 : [X]? — X and ¢ : [Y]? — Y weak selections. We will
say that ¢ and ¢ are isomorphic, ¥ ~ ¢, if there is a bijection p: X — Y
such that ¥ ({a,b}) = ¢p({e(a),o(b)}) for every a,b € X. We will also say
that v is embedded in ¢ if ¥ ~ @[[A])? for some A C X. Let ¢ be a weak
selection on a set X and let z,y € X. We will denote by z —, y the condition
o(z,y) =y. If A, B C X, we will say that B dominates A with respect to p,
denoted by A =, B, if a —, b for all a € A and b € B. We will also say
that A and B are aligned with respect to ¢, and write A ||, B, if A =, B or
B =, A. Given A, B € [w]* and ¢ a weak selection on w, we will say that B
almost dominates A with respect to 1 (or simply that B almost dominates A
if ¢ is clear from context), and write A :;:2) B, if there is a k € w such that
A\ k =y B\ k. We will also say that A and B are almost aligned with
respect to 1, denoted by A ||;Z B,if A =y, Bor B =, A. If n € w then we
will say that A s almost dominated by {n}, written A =7, {n}, whenever
A\ k =y {n} for some k € w. In a similar way, we define {n} =7 A and
{n} ||*w A. When the selection is clear from context, we suppress the use of
the subscript. Given a weak selection ¢, a triple {a, b, c} is called a 3-cycle
if eithera = b —c—aorc—b—a—c.

2. A solution to van Mill and Wattel’s question. In this section
we will answer van Mill and Wattel’s question by constructing a separable
locally compact Tikhonov space which admits a continuous weak selection,
yet is not weakly orderable. In fact, our space is going to be a Mréwka—Isbell
space associated to a certain almost disjoint family on a countable set.

2.1. Extensions of selections to Mrowka—Isbell spaces. Recall that a fam-
ily A C [w]¥ is almost disjoint (AD) if any two distinct elements of A have
finite intersection. A family A is MAD if it is AD and maximal with respect
to this property.

The Mrowka-Isbell space ¥(A) associated to an AD family A is defined
as follows: The underlying set is w U A, all the elements of w are isolated
and the basic neighborhoods of A € A are of the form {A} U (A \ F) for
some finite set F' C w.
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It follows immediately from the definition that ¥(.A) is a first countable
and locally compact space. It is well known and easy to see that W(A) is
pseudocompact if and only if the family A4 is MAD [4]. Continuous selections
on Mréowka—Isbell spaces were considered in [12], where it was shown that
U(A) does not admit a continuous weak selection if A is MAD, and that
¥(A) does not admit a selection for 274 for any uncountable A.

The next easy lemma characterizes when a weak selection on w extends
to a continuous weak selection on ¥(.A).

LEMMA 2.1. Let ¢ be a weak selection on w and let A be an almost
disjoint family. Then ¢ extends (uniquely) to a continuous weak selection

on W(A) if and only if

(1) A%, B for all A# B € A,
(2) {n} || A for alln € w and A € A.

Our plan for constructing the space is to first find a suitable weak se-
lection on w and then to carefully construct an AD family to which the
selection extends. It should be noted here that such a selection has to be
rather complicated. Consider, for instance, a weak selection on w defined
by ¢({m,n}) = min{m,n}. Then ¢ cannot be extended to any AD family
which has more than one element, as no two infinite subsets of w are almost
aligned with respect to .

2.2. Universal weak selection. We will describe a sufficiently complex
weak selection on w here. It is, in fact, the most complicated selection on w
and is an “oriented” version of Rado’s random graph (see [2], [5] and [17]).
It can be easily defined as a Fraise limit; here we define it directly from a
countable independent family. Recall that a family Z C [w]* is independent
if N F\ UF is infinite for any finite disjoint subsets F, F’ of Z.

PROPOSITION 2.2. There is a weak selection ¢ : [w]* — w with the
following extension property:

(D) For any disjoint F,G € [w]<¥, there is ann € w \ (F'UQG) such that
F=,{n}=,G.

Proof. Let J = {J, : n € w} C [w]* be an independent family. Recur-
sively define a family Z = {I,, : n € w} in the following way:

e Iy = Jo;

o i1 =(Jnpi \{k<n:n+1lelk})U{k<n:n+1¢I}.
For every n € w, the set I, € T is obtained by finite changes of J,, guaran-
teeing that 7 is also an independent family such that n € I, if and only if

m ¢ I, for all n,m € w. Let ¢ : [w]?> — w be defined by p({n,m}) = n if
and only if n € I,,.
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To conclude the proof, it is enough to verify that ¢ satisfies (D); but
this follows from the fact that Z is independent: if F,G € [w]<¥ are disjoint
then F' =, {k} =, G for any k € ((,ep Ln) N (Mpeg(@ \ Im)). =

In what follows, ¢ will denote the weak selection described in the pre-
vious proposition and will be called the universal weak selection. The next
proposition gathers basic facts about the universal weak selection and is a
direct translation of basic properties of the random graph [2]. We include
the proof for the sake of completeness. Let R = {4 C w : p[[A4]? ~ ¢}.

PrOPOSITION 2.3. Let ¢ be the universal weak selection. Then:

(a) @ is, up to isomorphism, the unique weak selection with property D.
(b) Every weak selection 1 on w can be embedded in ¢.

(¢) Given any partition { Py, P1} of w, there is ani € 2 such that P; € R.
(d) If F,G € [w]<¥ are disjoint, then

{kew\(FUQG): F =,{k} =,G} eR.

Proof. (a) and (b) follow by an application of the back-and-forth argu-
ment. To verify (c), suppose the contrary and let { Py, P1 } be a partition of w
such that neither Py nor Pj is in R. As ¢[[P;]? does not satisfy (D), we can
find disjoint F;, G; € [P;]<“ such that for each n € P; either n does not dom-
inate F; or n is not dominated by Gj. Since (D) is satisfied by ¢, there is an
m € w so that FyUF; = {m} = GoUG;. However, m € Py or m € P, a con-
tradiction in either case. Finally, to verify (d), suppose that for a couple F, G
of finite disjoint subsets of w, the set A ={k € w\ (FUQG) : F = {k} = G}
is not in R. It follows by (c) that w \ A € R and so one can find n € w\ A
that dominates F' and is dominated by G; but this n must also be in A,
which is a contradiction. =

We are now interested in studying the universal weak selection in relation
to linear orders on w. Let < be a linear order on a set X and let Y C X be
infinite. We will say that the set Y is monotone if either there is a downward
closed set S C X such that Y C S and Y N («, s)< is finite for every s € 5,
or there is an upward closed set 7' C X such that Y C T and Y N (¢, —)< is
finite for every t € T.

PROPOSITION 2.4. Let ¢ be the universal selection and let < be a linear
order on w. If X C w belongs to R, then there are Xy, X1 € [X]¥ such that

(1) XO N Xl = ®7

(2) XO = Xl:

(3) XoU X7 is monotone.

Proof. If X N (+,0)5 € R, then define My = X N (+,0); otherwise

let My =XnN[0,—)<. As X € R, in either case My € R by 2.3(e). Choose
distinet ag, by, co € My so that {ag,bg, co} is a 3-cycle in My. Choose now
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x0,90 € {ao,bo,co} such that xyp < yo and zy — yo and define the set
Dy ={ne My:z90—n— v} \{xo,v0}, which, by Proposition 2.3(d), is
in R. As before, let M; = D1 N («—,1)gif D1N(«—,1)x € R, and M; =
DiN[1, =)< otherwise. Choose ai, by, c1 € M so that {a1,b1,c1} is a 3-cycle
in M; and pick z1,y1 € {a1,b1,c1} such that 21 — y; and y; < x1. Notice
that {zo, 21} = {yo,y1}-

Following this procedure, we can form recursively {M,, : n € w} C R
and disjoint subsets Wy = {z,, : n € w}, W) = {y, : n € w} € [X|¥
such that for every n € w, My,+1 C My, {zo,z1,...,2n} = {Yo,Y1,---,Yn},
Tn < yn whenever n is even, and y, < x, if n is odd. Moreover, the set
S={necw: M, C(n,—)g}, if infinite, is x-downward closed, while T" =
{n €ew: M, C («,n)<} is <-upward closed, if it is infinite. Notice also that
(WoUW1) N («, k)< is finite for every k € S, as also is (WoU W) N (k,—)<
for every k € T.

To conclude the proof, notice that either Wy N.S and W7 NS are both
infinite, or both Wy N'T and W1 NT are. To see this, suppose, e.g., that
Wy NS is finite. As SUT = w, there is some k € w such that for all n > k,
x, € T. Whenever m > k is even, then z,, < y,, and as T is -upward
closed, also y.,, € T. If both WyN.S, W1 NS are infinite, define Xg = WyN S
and X1 = W1 NG, if not, let Xg = WyNT and X; = Wi NT. The recursion
guarantees that whenever k > n, then zp,yr € M,, and consequently the
set Xo U X7 is monotone. =

2.3. The construction. Here we will show how to construct an almost
disjoint family B such that the universal selection extends to ¥ (1), yet ¥(B)
is not weakly orderable. The next lemma shows that the universal selection
can be extended to a large almost disjoint family.

LEMMA 2.5. There is an AD family A C [w]¥ such that:

(1) Al =,
(2) ACR,
(3) A||* B for every A+ B € A.

Proof. Consider the complete binary tree 2<% and for every f € 2%,
consider the branch determined by f, Ay = {fIn:n € w}. For f,g € 2<%,
we write f L g if there is an n € w so that f(n) # g(n), and f [ g whenever
either f C g or g C f. Define the weak selection ¢ on 2<“ by ¥({f,g}) =g
if and only if either f £ g and ¢({|f],|9]}) = |g|, or f L g and f(fAg) =0,
where f A g =min{k € w: f(k) # g(k)}.

By the universality of ¢, we can suppose that 1 is embedded in . It is
easy to see that Ay € R for every f € 2¢. Moreover, (Af\fAg) = (Ag\fLg)
if f(fag)=0,and (Ag\ fAg) = (Af\ f A g) otherwise, which implies
that Ay || Ay. Therefore A = {Ay: f € 2} is the required family. =
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Let A = {4, : a < ¢} be the almost disjoint family constructed in
the lemma. Next we will show how to refine A to “kill” all potential linear
orders on w. To that end, enumerate the collection of all linear orders on w
as {<q:a <c}

LEMMA 2.6. For every a < c, there are X§, X{" € [Ay]Y such that

(1) X§nXxXy="0,

(2) X |I" X1,

(3) for everyn € w and i € 2, X ||* {n},
(4) X§ U XY is <,-monotone.

Proof. Fix a < ¢. By Lemma 2.5, A, € R and by Proposition 2.4 we can
find Xy, X1 € [Aq]“ such that Xo = X; and XoUX; is <,-monotone. Since
for every x € X, either x — 0 or 0 — z, there is an infinite Cy C Xy such
that Cp || {0}. Proceeding recursively, construct a family C = {C,, : n € w}
of infinite subsets of X such that for every n € w, C,41 C Cy, and Cy, || {n}.
Let X§ be a pseudointersection of C, i.e. X§ € [Xo]“ is such that C), \ X' is
finite for every n € w. Analogously, construct a family £ = {E,, : n € w} of
infinite subsets of X; such that E,+1 C E, and E, || {n} for every n € w.
Therefore, if X{* is a pseudointersection of &£, then X§, X' satisfy (1)—(3)
by construction, and (4) follows from the fact that both sets are infinite
subsets of Xy and X, which satisfy 2.4(3). m

We are now ready to prove the main result of the paper.

THEOREM 2.7. There is a separable, first countable, locally compact
space which admits a continuous weak selection but is not weakly orderable.

Proof. Let B = {X§,X{ : o < ¢}, where X? is as in Lemma 2.6 for
i € 2, and consider X = ¥(B), the Mréwka-Isbell space associated to B.

By Lemmas 2.5 and 2.6, ¢ satisfies the conditions of Lemma 2.1, hence
there is a (unique) continuous weak selection @ on ¥(B) extending the uni-
versal weak selection ¢.

To conclude the proof, it is enough to verify that X is not weakly order-
able. Aiming at a contradiction, suppose that there exists a linear order C
on X whose induced topology is coarser than the topology on X. Let a < ¢
be such that C[[w]? = <, and suppose, without loss of generality, that for
the points X§, X{* € ¥(B) the inequality X§ T X{* holds. By Lemma 2.6,
the infinite set X§ U X{* is <,-monotone. Assume that S C w is downward
closed, contains X§ U X{* and for every s € S, («,s)<, N (X§ U X{) is
finite. If there is an s € S with X§ C s, then («+, s)c is an C-open interval
containing the point X§, which meets the set X§ in finitely many points.
However, this contradicts the assumption that the C-order topology on X is
coarser that the original one. On the other hand, if S C («, X§')c, then the
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interval (X§', —)c contains the point X{* and is disjoint from the set X¢,
which leads to the same contradiction.

The case when X7 U X{* is contained in an upward directed set 7' is
treated analogously.

We have proved that the topology determined by the order C cannot be
coarser than that of X, and therefore X is not weakly orderable. m

REMARK 2.8. There is a space X C fw which admits a continuous weak
selection but is not weakly orderable.

Fix A as in Theorem 2.7 and pick pa € A* for every A € A. The space
X =wU{pa: A € A} is as required.

3. Weak selections on separable spaces. If X is a weakly orderable
space, then it not only admits a weak selection, but also a selection for
K(X): the function min[/C(X) is a selection for K(X). Motivated by this,
Gutev and Nogura asked in [10] the following question:

Does there exist a space X that admits a continuous weak selection, but
Sel(F (X)) = 0 for some n > 27

This question is still open, even for n = 3. In this section we will prove
that for certain spaces, including separable spaces, the existence of a con-
tinuous weak selection implies that Sel(Fin(X)) # 0, providing a partial
negative answer to the question. In particular, the example presented in
Theorem 2.7 admits even a continuous selection for all compact sets. We
can conclude that there are spaces that are not weakly orderable even when

Sel(K (X)) # 0.

3.1. 2-to-1 maps onto ordered spaces. Next we show that for separable
spaces the existence of weak selections implies the existence of a 2-to-1
continuous map onto an ordered space. In particular, even though there are
separable spaces which admit a weak selection and are not weakly orderable,
they can always be covered by two weakly orderable subspaces.

Costantini [3] considered a similar analysis of weak selections on separa-
ble spaces having a dense set of isolated points. Gutev [9] proved that every
second countable space which admits a continuous weak selection is weakly
orderable.

PROPOSITION 3.1. Let ¥ be a continuous weak selection defined on X
and let x,y,z € X be such that {x,y,z} is a 3-cycle with respect to 1. Then
there is a (canonical) partition P of X so that |P| =5 and each P € P is
clopen and satisfies |{z,y,z} N P| < 1.
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Proof. Suppose that x — y — z — = and consider the following sets:
Py={we X\{y,z}:z—>w—y}
P={we X\ {z,z} : 2z —w— z},
Py={we X \{z,y}:y —w— x},

Py ={we X :{z,y,2z} = {w},
Py={weX :{w}={z,y,z2}}
It is not difficult to prove that P = {P; : i < 5} is a partition of X and, by

continuity of ¢, P; is open (and so clopen) for every i < 5. Also, x € Py,
yePand z€ Py. »

An immediate consequence of the previous proposition is that if X is a
connected space admitting a continuous weak selection v, then it does not
admit 3-cycles with respect to ¢ and so X is weakly orderable.

Recall that a relation R C X x X is total if for every a,b € X, (a,b) € R
or (b,a) € R.

ProprosSITION 3.2. Let X be a separable space that admits a continu-

ous weak selection 1. Then there is a closed, reflexive, total and transitive
relation R C X x X such that |{z € X : (z,2) € R and (2,2) € R}| < 2.

Proof. Let D = {d,, : n € w} be a countable dense subset of X and
let 7 = {T,, : n € w} be an enumeration of all triples 7" € [D]® that are
3-cycles with respect to 1. For every n € w, let &, be the canonical partition
determined by the 3-cycle T}, defined in the proof of Proposition 3.1.

Define recursively closed relations R, C X x X for every n € w as follows:

Let Ry = X x X and suppose that R, is a closed, reflexive and total
relation with the following property:

There is a unique finite family C,, = {Cy, ..., Cy, } of closed subsets of X
such that for x,y € X and i < j < ky:

(1) X =U{C1: 1 <k},
(2) Cy, is a refinement of the partition &,_1, where £_; = {X},
(3) if z,y € C; then (z,y) € R, N R,
(4) if v € C; and y € C; \ Cy, then (y,x) ¢ Ry,
(5) if C;NCj # 0 then C; N C; = {d;} for some | < n, and C; N C; # 0
onlyif j—i=1,
6) ifd e C;jn{d; : 1 < n} and z — d for some z € C; \ {d}, then
Cj = {d},
(7)ifde C;jn{d : 1 < n} and d — z for some z € C; \ {d}, then
{d} = Cj.
The conditions (3) and (4) guarantee uniqueness of the family C,,. Also, the

family C,, determines the relation R, in a natural way: (z,y) ¢ R, if and
only if there are i < j <k, such that y € C; and € C; \ C;.
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Let ¢ < k, be such that d,, € C;. If {d,,} is an isolated point, define
Ci,() =C; N {ZL‘ e X \ {dn} cd, — x}, 01'71 = {dn} and CLQ =C;N {.7} €
X\ {dn}:z — d,}. In this case, let

Sn =Ry \{(z,y):2€Ci,yeCisand 0 < s < <2},

If d,, is not isolated, let C;o = CiN{xr € X : d, — z} and C;; =
CiN{zr € X : x — d,}. Define then

Sn = Ro \{(z,y) : x € Cia \ {dn}, y € Cip \ {dn}}.

The relation S,, is reflexive and total. Moreover, .S,, is also closed. To
prove this, let (z,y) ¢ S,,. Since R, is closed and S,, C R,,, we can suppose
that (z,y) € Ry,. Therefore, z,y € C;, x — d,, and d,, — y. Let U, and
Uy be disjoint neighborhoods of = and y respectively such that U, C (C; U
Ci+1) \ (Cifl UCi+2) and Uy - (Cifl UCZ) \ (CZ',Q UCZ‘+1) (take U, = {dn} if
x = d, and d,, is isolated, and analogously for U,). This is possible because
of condition (5). Finally, let U, = U, N{z € X \ {d,} : z — d,} and
U, =Uy,N{z € X\ {dn}:dy, — 2} (again, let U, = {d,} if d, is isolated).
Then (U x Uy) NSy, = 0 and so the relation S, is closed.

Let C;, = {Cy,...,C}, o}, where CF = C; if 0 < j < 4, C] = Cjy,
CZ(Jrl = Ci,l, Ci+2 = 0572, and CJ/ = ijg for i +2 < j <k, + 2, where
Ci o =0 if dy is not isolated.

By construction, S, together with the collection C!, has properties
(1)—=(7), except possibly (2). We only need to refine this relation so as to
obtain a refinement of &,.

Fix j < k], where kI, = k, +2 if d,, is isolated and k], = k,, +1 otherwise.
We will find a partition D; of C]’~ which refines &, and consists of closed sets.
For this, we consider all possible cases:

CASE 1: There is an FE € &, such that CJ'» C E. In this case, let D; =
{Dj,0}7 where Dj70 = CJI

CasE 2: {E € & : ENC) # 0} = {Bo,...,E} with 0 < < 5,
Cinddi: 1 <n}={d}, {d} = C} and d € E;. Let D; = {D;,; : 0 <1 < t},
where D;; = E; N C; for every I.

Case 3: {E € & : ENC; # 0} = {Eo,...,E} with 0 < t <5,
Cin{dy: 1 <n}={d}, C; = {d} and d € Ey. Let D; = {D;; : 0 <1 <},
where D;; = E; N C’; for every [.

Case 4: {E € & : ENC} # 0} = {Eo,...,E} with 0 < t <5,
Cin{d -1 <n} ={d,d'}, d — dand d,d" € Ey. Let z € C} \ Ey. By (6)
and (7), d — x and  — d. In this case, let D; = {Dj,...,Djt41}, where
Djo=CiNnEyN{y € X :x —y}, Dj; = C;NE for every 1 <1 <t and
Ditni=CiNnEN{ye X y—x}
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Case 5: {E € & : ENC; # 0} = {Eo,...,E} with 0 < t <5,
Cind{dy: 1 <n} ={d,d}, d — d de Eyand d € E. In this case, let
Dj ={Djp,...,Djt}, where D;; = C N Ej for every [.

Let Cnt1 = U{D; : j < k},}. Notice that we can enumerate D as {D; :
kn+41} so that for every i < j < kyq1, if 2 € D; and y € D; then
) € Sp. Finally, define the relation

Rup1 =S \{(z,y):y € D;, x € Dj and i < j}.

Then R,+1 C S, and C, 41 refines &,. Further, R, 4 is reflexive, total, and
it can be proved, in an analogous way to the case of S, that R, .1 is closed.
Moreover, R, 1 together with the collection C, 1 satisfies (1)—(7).

Let R =(){Ry : n € w}. Then R is closed, total and reflexive, since each
R, is.

Before showing that R is transitive, let us record two properties of R.

Jj <
(x,y

Fact 1. If x,y € R and there is a d € D so that x — d — y and d
belongs to a 3-cycle with respect to 1, then (z,y) ¢ RN R™L.

Let n € w be such that d € T,,. Since {z,y} }f {d}, the points = and y
do not belong to the same element of the partition &, and so either (z,y) ¢
Rpq1or (y,2) ¢ Roq1.

As a consequence, if z,y € X and there is a z € X so that {x,y, z} forms
a 3-cycle, then (z,y) ¢ RN R~

FACT 2. For any x € X, the set P, = {z € X : (z,2) € RN R~}
contains at most two points.

Suppose that z,y,z € P, and * — y — z (the other cases are treated
in the same way). By density of D, there is a d € D so that + — d — z.
Let k = min{l € w: {z, 2z} }f {d;}} and let C; be the collection determined
by the relation Ry and satisfying (1)—(7). Since y € P, there is a C' € Cy,
such that z,y € C. Then dj, ¢ C, because otherwise (z,y) ¢ Ri+1 and so
(z,y) ¢ R. Hence, because of the way Ry, is constructed, there is an [ < k
such that either {x,y,dx} }f {di}; or z,y and dj do not belong to the same
element of the partition & determined by the 3-cycle 1;; or there are E € &
and w € X \ F with z,y,d, € E, {z,y} || {w} and {z,y,di} }f {w}. In any
case, we can find a 3-cycle T € [D]® with dy € T. Thus by Fact 1, either
(x,y) ¢ Ror (y,x) ¢ R, which is a contradiction. This proves Fact 2.

Finally, to prove that R is transitive, let x,y, 2 € X be such that (z,y) €
R and (y,z) € R. Aiming at a contradiction, suppose that (z,z) ¢ R. Let
n € w be such that (z,z) ¢ R, and let C,, = {C; : i < k,} be the family
determined by R,. Three cases are possible:

CASE 1: (z,y) € RN R™!. Since (z,2) ¢ Ry, there are i < j < k,, such
that z € C; and z € C;\C;. But (z,y), (y,2) and (z,2) arein R, s0 j = i+1
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and y € C; N Cjy1. Notice that although z and y are indistinguishable until
step n (ie. (y,2) € R, N R 1), they must eventually be separated. Since
y = d; for some | < n, we have y — z and, by construction, (z,y) € R,
which is false.

CASE 2: (y,2) € RN R™'. Analogous to Case 1.

CASE 3: (y,z) ¢ R and (z,y) ¢ R. As before, we can find an n € w such
that if C, is the collection of closed subsets determined by R,, then there
are 1 < j < k with z € C;, y € C; \ C; and = € Cy \ C;. Since k > i+ 1, we
have C; N Cy = 0 and so x € Cy \ C;. This implies that (z,2) ¢ R,,, which

is again impossible. u

The following result states that if a separable space X admits a contin-
uous weak selection, then it is almost weakly orderable, in the sense that it
can be covered by two weakly orderable sets.

COROLLARY 3.3. Let X be a separable space that admits a continuous
weak selection 1. Then there are an orderable space L and a continuous
function f: X — L satisfying:

Q) [f 1 {y}| < 2 for every y € Y (i.e., f is <2-to-1),
(i) of {zo,x1, 22} is a 3-cycle with respect to ¢, then f[{xo,x1,x2} is
mjective.
Proof. Let R be the closed relation constructed in Proposition 3.2, let
D be the countable dense set used in this construction, and let 7 = {T" €
[D]3: T is a 3-cycle}.
Define a relation ~g on X as follows:

x~py ifandonlyif P, =P,

where P, = {w € X : (w,z) € RN R~} for z € X.

By Proposition 3.2, if x € X then P, contains at most two points, and
|P;| = 1 when z is in D and is isolated. Therefore, ~p is an equivalence
relation on X and each equivalence class [z]., contains at most two points.

Define an order < on the set L = X/~pg in the natural way:

[#]~p < [y]~p ifand only if (x,y) € R and (y,z) ¢ R.

Then (L, <) is a linear order.

Define the function f : X — L by f(x) = [z]~j. It is clear that f is a
<2-to-1 function. Moreover, if {x,y, z} is a 3-cycle with respect to the weak
selection 1, then by continuity of ¢ and density of D, we can find T' € 7
such that, if £ is the partition determined by 7', then none of the points
x, y and z belongs to the same element E € £. Hence f[{x,y, z} is injective.
Finally, continuity of f follows because R is closed in X x X. u
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3.2. Selections for finite sets. Here we prove that a separable space
which admits a continuous weak selection admits, in fact, a continuous
selection for all finite sets. The first result in this direction belongs to
J. Steprans [18], who showed that a separable space X with a dense set
of isolated points which admits a continuous weak selection also admits a
continuous selection on F3(X).

We will use the following result, obtained by Gutev in [8].

PROPOSITION 3.4 (Gutev). Let X be a space such that Sel(F, (X)) # 0
and there exists a continuous selection ¢ : [X|"*1 — X for some n € w.

Then Sel(Fn41(X)) # 0.

To prove Proposition 3.4, Gutev used the notion of decisive partitions of
finite sets with respect to a weak selection 1, where a partition P of a finite
set F'is decisive if A ||, B for every A, B € P. Whenever |F| > 2, di(F, ) is
defined as the minimal cardinality of a decisive partition P of F' with at least
two elements, and di(F,v) = 1 if |F| = 1. He proved that if |di(F, )| > 3,
then F' has a unique decisive partition M with |M| = di(F, ). Moreover,
any other decisive partition of F' refines M. He also showed that the function
diy : Fin(X) \ F1(X) — w, defined by diy(F) = di(F, ), is continuous.

PropPOSITION 3.5. Let X be a space that admits a continuous weak
selection 1. If there are an orderable space Y and a continuous function

f: X —Y such that:
Q) |f'{y}]| €2 for every y € Y (i.e., f is <2-to-1),
(i) of {wo,x1, 22} s a 3-cycle with respect to 1, then f[{zo,x1,x2} is
njective,
then there is a sequence {1, : n > 2} of compatible continuous selections
such that v, € Sel(F, (X)) for everyn € w.

Proof. We define 19 = 1) and argue by induction on n > 2. For n = 3,
we define a function 3 : F3(X) — X by cases. Let F' C X.

CAsE 1: If |F| < 2, then define ¢3(F') = ¢(F).

CASE 2: If |F| = 3 and there is an « € F such that ¢¥({z,y}) = « for
every y € F, then define ¢3(F) = x.

Case 3: If F = {xg, 21,22} is a 3-cycle with respect to ¢, then let
Y3(F) = x, where f(z) = min{f(zo), f(21), f(22)}.

By (ii), 3 is well defined. Clearly 3 is continuous at {z} for every
x € X, so we only have to verify continuity at F C X if |F| > 2.

Suppose that Case 1 occurs and that F' = {zg,z1} C X is such that
Yv3({zo,z1}) = Yv({xo,21}) = wo. By continuity of 1, there are disjoint
neighborhoods U and V' of xy and x; respectively such that ¢ ({u,v}) C U
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for all w € U and v € V. Then 93[(U, V)] C U, which guarantees continuity
of ¢3 at F.

If F' = {xo, 21,22} and ¢ ({zo,z;}) = o for j € 3 then, again by con-
tinuity of ¥, we can find disjoint neighborhoods Uy, U; and Us of xg, x1
and zy respectively such that ¢[(Uy,U;)] C Up for j < 3. If F/ € U =
F3(X) N (U, Up, Us) then clearly F’ is as in case (ii) and 3[U] C Uy, which
guarantees continuity at F'.

Finally, let F' = {z9,z1,22} C X be a 3-cycle with respect to 1. Let Uy,
U; and Us be pairwise disjoint neighborhoods of zg, 1 and x5 respectively.

By (ii), f(z;) # f(z;) whenever i # j, and we may suppose that f(xg) <
f(z1) < f(x2). Consider disjoint intervals Iy, I; and I3 in the orderable
space Y such that f(x;) € I; for i < 3. Then U = (f~[Io]N Uy, f L[] N7,
fHI2) N Us) is a neighborhood of F, every F' € U N F3(X) is a 3-cycle and
Y3[U] C f~1[Io], which implies that 13 is continuous at F.

Suppose now that we have defined continuous selections 1y, : Fj(X) — X
for k < n such that 1511 [Fs(X) = 9, for every s < n. Again, we will define
a selection 1,11 : F,(X) — X by cases:

CASE 1: Suppose that F' € F,4+1(X) and di(F, ) = 2. According to [6],
there is a unique decisive partition P = { Py, P1} such that Py = P, and P
is minimal in the sense that if M = {Mj, M1} is another decisive partition
with My = M; then P; C M. Define then ¢, 1(F) = ¢, (Py).

CASE 2: Suppose that F' € F,41(X) and 2 < di(F,v¢) < n. Let
P: {Po,...,Pk_l}

be the only decisive partition of F' of cardinality k, where k = di(F,).
Define then 1/}n+1(F) = ¢n({wn(R) 11 < k})

CASE 3: Suppose that F € [X]"*! and di(F,v) =n+1. If 2,y € F then
there must be a z € F such that {z,y,2} is a 3-cycle with respect to ),
because otherwise the partition P = {{z,y}} U{{z} : z € F\ {z,y}} would
be a decisive partition of F' with cardinality n, which is not possible. This
implies that the function f restricted to the set F' is injective. In this case
we define 9,41 (F') = z, where f(z) = min{f(y) : y € F}.

Cases 1 and 2 are defined exactly in the same way as in the proof of
Proposition 3.4 and the proof of continuity of 1,41 in any of these cases
is given in [8]. Therefore, to conclude the proof of continuity of 41, it
is enough to consider Case 3. The proof of continuity in this case is very
similar to that of Case 3 for 3. Thus, ¥,4+1 is a continuous selection for
Fo+1(X).

To conclude the inductive step, we must show that 1,41 is an extension
of . Let FF C X be such that |F| < n. If di(F,v¢) = n then ¥p41(F) =
Yn({n({z}) : © € F}) = 9, (F). Otherwise, if di(F, ) < n, let P be the
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decisive partition with |P| = di(F, ). Since |P| < n and |P| < n for every
P € P, the inductive hypothesis yields

Unt1(F) = Yo ({thn(P) : P € P}) = thp-1({thn-1(P) : P € P}) = ¢ (F). m
THEOREM 3.6. Let X be a space that admits a continuous weak selec-

tion 1, Y an orderable space and f : X — Y a continuous function as in
Proposition 3.5. Then Sel(Fin(X)) # 0.

Proof. Let {1, : n > 2} be a sequence of compatible continuous selec-
tions as in Proposition 3.5 and define @ = |J,,~, ¥n. Clearly @ is a selection.
Let us prove that it is continuous.

CLAM. Let F € Fin(X) and let M be a decisive partition of F'. Then
O(F)=d({P(M) : M € M}).

We argue by induction on |F|. Clearly the result is true if |F| = 2.
Assume that it holds for every E C X with |E| < n and let F € [ X",
Let M be a decisive partition of F' and let G = {®(M) : M € M}. The
result is evidently true if di(F,¢) =n+1 (i.e. M = {{z} : x € F}), so we
can suppose that di(F, 1) < n and |[M]| < n. We will consider separately the
cases when di(F,v) = 2 and when di(F, ) > 2.

Suppose first that di(F,¢) = 2 and let P = {Fy, P1} be the decisive
partition of F', with Py = P; and minimal as in the proof of Proposition 3.5.
Then &(F) = &(P)).

If M = {My, M1} and My = M; then &(G) = @(M;). By minimality
of P, we have P, C M. Notice that {P;, My \ Pi} is a decisive partition of
M, such that M1\ P, = P; and |M;| < n. Then, by the inductive hypothesis,
O(My) = P({P(P1), 2(M1 \ P1)}) = v({@(P1), (M \ P1)}) = &(P1) and
then the result also holds.

Suppose now that M = {My,..., Mi_1} and 2 < k < n. Define My =
{MeM: MNPy #0} and My ={M € M : MNP, #0}. Notice that
Mo N M| <1, because otherwise M would not be a decisive partition. If
My and M are disjoint then M; is a decisive partition of P; for ¢ € 2. If
N; = {®(M) : M € M;} for i € 2, then also N' = {Ny, N1} is a decisive
partition of G such that Ny = Nj. Therefore, by inductive hypothesis,
&(G) = @(N1). But, since M is a decisive partition of P; and |M;| < n,
we have @(N1) = @(P;). On the other hand, if [MoN M| =1, let M* €
MoNM;. In this case, {M*NP }U(MoUM;)\{M*} is a decisive partition
of F/ = F\(M*NP). Again, by inductive hypothesis, (M*) = ¢(M*NPy),
which implies that #(G) = @(F"). But {P1, F'\ P1 } is also a decisive partition
of F/ with F'\ P; = Py, which implies that ®(F’) = @(FPy).

Finally, suppose that 2 < di(F,v) < n and let P be the decisive par-
tition of F' of cardinality di(F,v). For every P € P, we have |P| < n
and Mp = {M € M : M C P} is a decisive partition of P. Therefore,
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P(P) = P({P(M) : M € Mp}). Note also that P ={GNP:P € P}isa
decisive partition of G. By the inductive hypothesis, #(G) = ¢({P(GNP) :
P € P}). Now, for every P € P, we have ®(GNP) = d({P¢(M) : M C P})
=P({P(M): M € Mp}) =P(P). We conclude that ¢(F) = ¢(G).

To prove continuity of @, let FF = {z; : i < n} C X and let U be
a neighborhood of @(F'). By continuity of 1, there is a pairwise disjoint
decisive family {U; : i < n} of open subsets of X such that x; € U; for every
i <n and ¥, (G) CU for every G € U N Fp(X), where U = (U, ..., Up_1).
Moreover, if G € Fin(X) NYU then {U; NG, : i < n} is a decisive partition
of GG, which implies, by the previous fact, that

B(G) = S{D(U; N Gy) i< nd) = p({BU;NGy) i <n)) CU. m

The following result is an immediate consequence of Corollary 3.3 and
Theorem 3.6, and provides a partial answer to Gutev and Nogura’s question.

COROLLARY 3.7. Let X be a separable space that admits a continuous
weak selection. Then Sel(Fin(X)) # 0.

After proving that every continuous weak selection on a separable space
can be extended to a selection for all finite sets, it is natural to ask if there
is also a continuous selection for all compact sets. Notice that an example
that would answer this question in the negative cannot be weakly orderable.
The following result proves that, in particular, the space in Theorem 2.7 is
not such an example.

PROPOSITION 3.8. There is a separable space X which admits a contin-
uous selection on KC(X) but is not weakly orderable.

Proof. Let B be the almost disjoint family introduced in Theorem 2.7
and let X = ¥(B). Consider also the weak selection ¢ on X defined there and
let @ be the continuous selection on Fin(X') determined by Corollary 3.7. We
can suppose, by Ramsey’s Theorem, that for every B € B either [[B]? =
min or o[[B]? = max.

We define a selection ¢ on K(X) pointwise. Let K € K(X). Then
there are integers q < s, a finite set {By,...,Bs} C B, a family {4; €
[Bi]=“ : i < ¢} and a finite subset ' C w \ J{B; : i < s} such that
K=FUlU{A4i:i<q}U{By,...,Bs}. Let

kE=min{n € w:{B;\n:i<s}U{{z}:x € FUG,} is decisive},

where Gy, = |J{4;Nn:j < ¢} for every n € w.

Enumerate the set F'U Gy, as {mo, ..., m;} and, for every i < s, choose
z; € K so that x; = min(A4; \ k) if (4; \ k) N K # 0 and ¢[[B;]?> = min, and
x; = B; otherwise. Define

o(K)=D({x; i < sfU{m;:j <t}).
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To prove continuity of g, let U be a neighborhood of o(K). By continuity
of @, we can find an r € w such that r > k and if for every i < s, U; = {z;}
when z; € w and U; = {B; }UB; \r whenever z; = B;, then the neighborhood
U= U,...,Us,{mo},...,{m:}) NFin(X) satisfies ®[UY] C U.

Enumerate |J{(A;Nr)\ k:j < q} as {myr1,meyo,...,my} and let

V={{Bo}UBo\r,....,{Bs} UBs\r,Uy,...,Us,{mo},...,{my}).

Notice that V is a neighborhood of K. To conclude the proof, let us
prove that g[V] C U. Let K’ be a compact subset of X contained in V. Then
there are integers u,w € j + 1 with v < w, 20,21,...,20w € j + 1, a family
{A,, C B, :j< u} and a finite subset F' Cw\U{B, : j < w} such that
K'=F UU{A, 1 j S upU{B.; 1 j < w}. As before, let

l=minf{n e w:{B,, \n:j<wlU{{z}:ze F UG} is decisive},
where G, : | J{4; Nn:j <u} for every n € w.

It is clear that | < k. For every j < w, let y; = min(A;, N1) if o[[B,]* =
min and (B,; \1) K’ # (), and let y; = B, in any other case. Notice that if
o(K) = B, for some j < w and ¢[[B,] = min, then (K'Nk)N (A, \1) =0,
because otherwise if M; = (K' N k)N (By, \ 1) is nonempty then {M; U
{o(K) U ({{zi} : i < s}\ o(K))U{{m} :m € {mo,...,my,} \ M;} would
be a decisive partition of {z; : i < s} U{m; :i < v} and @(M; U {o(K)}) =
min M;, which is not possible. Therefore, in this case y; = o(K).

Then ({y; : j < wiU(F'UGY)) = 2({y; : j S whU(F'UG))U{w; i < s}
U{m; : j <wv}). But {y; : j < w}U(F'UG)U{z; : i < s}U{m; : j < v} CU,
which implies that o(K’) C U. We conclude that p is continuous and so
Sel(KK(X)) # 0. m

REMARK 3.9. The space X described in Remark 2.8 also has this prop-
erty, as K(X) = Fin(X).

3.3. Another example. Here we prove that the existence of a continu-
ous selection for triples does not guarantee, even for separable spaces, the
existence of a continuous weak selection.

PRrROPOSITION 3.10. There is a separable space that admits a continuous
selection for [X]? but Sel(Fa(X)) = 0.

Proof. Identify w with 2<“. For every f € 2 let Ay = {fIn:n € w} be
the branch determined by f and let A = {Af: f € 2*}. Enumerate the AD
family A as {Aq @ @ < ¢}. Enumerate also the set of all weak selections on
2<% as {fo:a <c}.

For every a < ¢ define g, : [A4)? — 2 as follows:

0 if fo(fIm, fIn) = flmin{m,n},
(i, finp) ={) -
1 if fo(fIm, fin) = flmax{m, n},
where f € 2“ and A, = Ay.
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By Ramsey’s Theorem, there is a g,-homogeneous set B, € [4,]Y so
that g”[Ba]? = {i} for some i € 2. Let {B%, Bl} be a partition of B, such
that |BY| = w for i € 2 and consider the AD family B = {BY, B} : a < ¢}.
Let X = ¥ (B), the Mréwka-Isbell space associated to B.

We define a relation < on X in the following way:

xr =y, or

x <y if and only if z,y € 2<% and x C y, or
x=flne2<¥ andy:B;} for some i € 2.

It is clear that < is reflexive, antisymmetric and transitive.
If z £ yand y £ 2, we will write z L y. Now, to any z,y € X with
x L y we can associate an element A, , of wU {w} as follows:

min{n : x(n) #y(n)} if z,y € 2<,

min{n : x(n) # f(n)} ifz€2<¥andy= Bj[ for some i € 2,
min{n : f(n) #g(n)} ifx= B}, y=B) withi,je2and f#g,
w if {z,y} = {BO,B}} for some f € S.

Notice that if x L y and y < z then z L z and A, = A, ..

We define ¢ : [X]? — X by o({x,y, z}) = z if either z < y and = < z, or
zly,xzlzand Ayy=A4,..

Let us first prove that o is well defined. Let F = {x,y, 2z} € [X]?. Notice
that [ has at most one element comparable with all its elements. In this
case, the function is well defined by construction. So we can suppose that
z L yand x L 2. If y < 2 then A,y = A, ., and since y and z are
comparable, we have o({z,y,z}) = x. In the same way, if x | z and z < y
then o({x,y,z}) = x. Therefore, we can suppose that z L y, x L z and
y Lz IfA,, =A,;,then A, , > A, , and so o({z,y, 2}) = x. Otherwise, if
Apy < Ap.then Ay, = A, andso o({z,y,2}) = y. Finally, if A, , > A, .
then A, . = A, . and o({z,y, 2}) = z.

To prove that g is continuous, let {z,y,2} € [X]® and suppose that
o{z,y, 2}) = 2.

CASE 1: z <y and x < z. Since z € 2<%, there are f € S and n € w
such that x = f[n. If y = fIm for some m > n, then let U, = {f[m}.
Otherwise, if y = BJZ} for some i € 2, let U, = {y} U (B} \{flk:k<n}). In
a similar way, we can consider a neighborhood U, for z. It is not difficult to
verify that U = ({«}, Uy, U.) is a neighborhood of {z,y, 2z} with olU] = {z}.

Case 2:z Ly, v L zand Ayy = A, .. Suppose first that z € 25% and
let Uy = {z}. Let Uy = {y} if y € 2, and Uy = {y}U(By\{glk : k < Ay y})

if y= B} for g € S and j € 2. Define U, in the same form. Finally, consider
the neighborhood U = (U, Uy, U.) of {x,y, z}. Notice that for every yy € U,

Aw,y =
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and zp € U,, we have x L yo, v L 2o and A, ) = Ay .y = Az y. Therefore,
ol] = {z}. ,

On the other hand, suppose that x = B} for some f € S and i € 2, and
let U be a neighborhood of . We can find n € w such that {z}U(B}\{f [k :
k <n}) CU. Let m = max{n, A, y} and Uy = {2} U (B} \ {f[k : k < m}).
If y € 2=, consider the neighborhood U, = {y}. If otherwise y = Bg for
some g € S and j € 2, let U, = {y} U (Bg\{g[k‘ : k <'m}). In a similar way,
we can find a neighborhood U, for z. As before, if U = (U, U,, U.), it is not
hard to verify that o[d] C U, C U and we conclude that p is continuous at

{z,y,z}.
Finally, to prove that X does not admit a continuous weak selection,
let h be any weak selection on X. Then h[2<¥ = f, for some a < «.

Let f € 2 with A, = Ay and assume, without loss of generality, that
h({B% Bl}) = BY. Let U be a basic neighborhood of (BY, Bl). We can
find a k € w such that (BO\ {fIl: 1 < k)N (BL\{fll: 1 < k}) =0
and ({BO} U (BO\ {11+ | < k}),{BL}U(BL\ {1151 < k}) C U If
fal{fIm, fIn}) = flmin{m,n} for any f[n, flm € B,, choose n,m € w
with n > m, filn € B\ {fIl : I < k} and flm € BL\ {fll : | < k}.
Then (fIn, flm) €U and h({fIn, fim}) = fIm ¢ BY. In the other case, if
g"[Ba)? = {1}, choose n,m € w with n < m, fin € B\ {f|l : 1 < k} and
flm € BL\{fIl : I < k}. Then (f[n, fim) € U and h({f[n, fIm}) = m
¢ B.. We conclude that h is not continuous at (BY, Bl). =

4. Questions. We conclude with some open questions.

QUESTION 4.1 (Gutev-Nogura). Is there a space X which admits a con-
tinuous weak selection but not a selection for [X]=" for some n > 27

Corollary 3.7 shows that if there is such a space, it cannot be separable.

QUESTION 4.2. s every space which admits a continuous weak selection
a continuous <2-to-1-preimage of an ordered space?

QUESTION 4.3. Does every (separable) space which admits a continuous
weak selection admit a continuous selection for all compact sets?

QUESTION 4.4. Does there exist a second countable space X that admits
a continuous weak selection for [X]™ for some n € w, but does not admit a
continuous weak selection?

Acknowledgements. The authors wish to thank the referee for a care-
ful reading of the manuscript, his comments and suggestions.

They gratefully acknowledge support from PAPIIT grant IN101608 and
CONACyT grant 46337. The second author is supported by the Consejo
Nacional de Ciencia y Tecnologia CONACyT, México, Scholarship 189295.



20

M. Hrusék and I. Martinez-Ruiz

References

G. Artico, U. Marconi, J. Pelant, L. Rotter and M. Tkachenko, Selections and
suborderability, Fund. Math. 175 (2002), 1-33.

P. J. Cameron, The random graph, in: R. L. Graham and J. Nesettil (eds.), The
Mathematics of Paul Erdés, Vol. 2, Springer, 1997, 333-351.

C. Costantini, Weak orderability of some spaces which admit a weak selection, Com-
ment. Math. Univ. Carolin. 47 (2006), 609-615.

E. K. van Douwen, The integers and topology, in: K. Kunen and J. Vaughan (eds.),
Handbook of Set-Theoretic Topology, North-Holland, 1984, 111-167.

P. Erdds and A. Rényi, Asymmetric graphs, Acta Math. Acad. Sci. Hungar. 14
(1963), 295-315.

S. Garcia-Ferreira, V. Gutev and T. Nogura, Extensions of 2-point selections, New
Zealand J. Math. (2006), to appear.

S. Garcia-Ferreira and M. Sanchis, Weak selections and pseudocompactness, Proc.
Amer. Math. Soc. 132 (2004), 1823-1825.

V. Gutev, Selections and hyperspaces of finite sets, preprint, 2007.

—, Weak orderability of second countable spaces, Fund. Math. 196 (2007), 275-287.
V. Gutev and T. Nogura, Some problems on selections for hyperspace topologies,
Appl. Gen. Topology 5 (2004), 71-78.

—, —, Selection problems for hyperspaces, in: E. Pearl (ed.), Open Problems in
Topology 2, Elsevier, 2007, 161-170.

M. Hrusdk, P. J. Szeptycki and A. H. Tomita, Selections on W¥-spaces, Comment.
Math. Univ. Carolin. 42 (2001), 763-769.

K. Kunen, Set Theory: An Introduction to Independence Proofs, North-Holland,
Amsterdan, 1980

E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc. 71 (1951),
152-182.

J van Mill and E. Wattel, Selections and orderability, Proc. Amer. Math. Soc. 83
(1981), 601-605.

T. Nogura and D. Shakhmatov, Characterizations of intervals via continuous selec-
tions, Rend. Circ. Mat. Palermo (2) 46 (1997), 317-328.

R. Rado, Universal graphs and universal functions, Acta Arith. 9 (1964), 393—-407.
J. Steprans, unpublished note, 2002.

Instituto de Matematicas

UNAM

Apartado Postal 61-3

Xangari, 58089

Morelia, Michoacan, México
E-mail: michael@matmor.unam.mx

ivan@matmor.unam.mx

Received 17 November 2007;
in revised form 10 December 2008 (31)



