Cinvestav

BF Gravity

Mariano Celada

Lorentz-covariant Hamiltonian analysis of
BF gravity with the Immirzi parameter

Mariano Celada

Centro de Investigacién y de Estudios Avanzados

Advisor

Merced Montesinos

Mexi-Lazos 2012

Centro de Ciencias Matematicas, UNAM, Morelia
November 9th, 2012



Contents

Cinvestav

BF Gravity

Mariano Celada

© Introduction

® Hamiltonian analysis of the CMPR action

© Hamiltonian analysis of BF gravity with cosmological constant

@ Conclusions and perspectives



Introduction

Cinvestav

BF Gravity

Mariano Celada

Gravity — manifestation of the curvature of spacetime. The
Inroduction dynamics of the gravitational field is governed by the Einstein’s
equations: R, — %gwR +Agyy = 8nGT .

Action principles
o Metric: S[guw] = KJ]‘VId‘lx v—gR.
perspectives o First-order: S[e,A] = fM [*(eI nel)— %el Nel ] AFylA];

Fl =dA' + Al A AKXy — Immirzi parameter.
[ ARG S

* BF: S[B,A,¢,u] = [, (BY AFy[A] -y BY ABKE + uH(9));
dryre = —dpxe =~k = dxey and H(®) = €8y, ¢ P

I
(11({5 ]U aF a2€UKLq,L)]]KL.
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it e The Immirzi parameter has a topological nature (PRD 85
024026 (2012)). It does not affect the classical equations of
motion, but it shows up in the spectra of quantum operators.

e Since general relativity is a constrained theory — use Dirac’s
method.

e Metric » ADM formulation.
e First-order — Barbero’s formulation: one of the cornerstones of
loop quantum gravity.

o Novel approach — spin foam models — path integral
quantization of gravity based on the BF formulation. This
approach supplements the loop approach and is
Lorentz-covariant.
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Hamiltonian S[B,A, (P,‘u] — L [BI] /\FU _(PUKLBU /\BKL + [Ll(al(PUU +a2€UKL(PUKL):| .

analysis of the
CMPR action

We assume that M = RxQ (dQ =0). The (3+1)-decomposition of
the action leads to

. 1
S[A, I1, (P, PO] = ‘[l; dt L dBX{HuUAaU + AOUD“HQU + EBOaUﬁubCFbCU

_ [2B0uU KL — (amrm n]IL] " az,gUKL)] (PIIKL}I

where IT% = %ﬁ“thch . The equation of motion corresponding to

CDI]KL is
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which has the solution

Hamiltonian
analysis of the
CMPR action

y_1 JKLyh L bl 1 b (eryed . M7 cd
BOa = gNhuhej IT KL+§EubCH ]Nc‘l' ﬁthchbdn ](CDC =P Ehhc ,

to = 0V/4ay, %+ Z—lhh"” =0,
2

where we have introduced the quantities

1
V= 5(_:UKLBOHU HaKL’ N? = %ﬁabchdeOCU Hd N=

%
I’ h

hhab = %HuI]Hb q)uh = —O'*HaUHbU.

7
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SIA T = fedt [, dx [T Ay + Aoy GY + NH + NHy + Ay ™|

Hamiltonian
analysis of the
CMPR action

Primary constraints

Hamiltc
1
G =D, ~0, H,= EHW Fpayy 0,

pers IH = g ﬁubchud *HdUicI] ~0, (Pub = q)ab + Z_l hhah ~0.
2

The Hamiltonian is H = - [}, d®x(AoyG” + NH + NH, + Aupp™).
Now, according to Dirac’s method, the primary constraints must be
preserved in time = {C,H} ~ 0 for each constraint C.
The canonical variables (A, IT) satisfy

{Aay (0, TR () = 65616, 16% (x, ).
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e * {GY,C} 0, {H,,C} = 0,{H, H} ~ 0, {¢™, ¢} = 0.
o . m<x>,<p“”<y> [~ 1 her (07110 () 27 + W] 63 (x, ), where

Wb = Lhp (—I¥ |+ 52TV )q<ﬂldedH|b>U

The evolutions of G/ and H, generate neither new constraints nor
conditions on the Lagrange multipliers. On the other hand, the

evolution of ¢ leads to
NY? ~ 0,

whose solution is W** ~ 0. Then W becomes a secondary
constraint— evolve W,
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Hamiltonian ) {‘Pub, gU} = 0, {\I’ub, 7‘{”} =~ 0-

analysis of the

S W, () PP, y) and
(W (x), % (y)} = M@ID53(x, 1), where M) defines a 6 x 6
non-singular matrix.

M@ED = g, (_Hfﬂ o *HfU ) [(*HCIK - ZuleHdK) AT + (C"’d)]‘

The evolution of W then fixes the Lagrange multipliers A:
Agp = %NFGd(M‘l)(Cd)(ab) = the Dirac’s method concludes here!
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Hamiltonian Classification of the constraints

analysis of the

CMPR action o GY,H, and H = H + 1FM™1) cayanyp™ are first-class.

o ¢ and W are second-class.

10
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Hamiltonian Classification of the constraints

analysis of the

CMPR action o GY,H, and H = H + 1FM™1) cayanyp™ are first-class.

o ¢ and W are second-class.

Degree of freedom count

D0F=1[2>< 18 2x( 6 + 3 + 1 )-( 6 + 6 )]=2.
2 N—— ~—— —— ~— ~——— ——

Agyy Gl H; H @ \pab
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1
S[B,A,¢,u] = fM [ (BU + ; «BY ) AFyp— ¢yrrBY ABRE — ugppyp e8E

Hamiltonian
analysis of BF
gravity with
cosmological

constant =+ [,1/\ —+ llBU N BU =+ lzBU A *BU]

Following a similar procedure as before, the action can be cast in
the form

» .
S[A,I1] = f]Rdt fQ d3XIH(y) “UAaU +AOUQU +NH, + NH + Aubq)ab],

where I1% = 17B, ! V = = VY + 4+ VY, and we have introduced
the same quantities N, N’, Kb and @7,

11
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» 1Dy,
G'=D,1"~0, H, =511 " Fpary ~ 0,

Hamiltonian

analysis of 1 ~

gra\llfty witl?F 7_( = _T]abchad * l_.[ dI]FbCII ar Ah ~ O, @ﬂb ~ 0.
cosmological 8

constant

Here A = 3, — oA /4. Moreover, we need to express 1%’ and ®% in

. . (2
terms of the new canonical variable I71, i.e.,

q)ub_ 77

hub =1 [(hhub) + = (1) ub 1+0y

CD ab = (hhab)l

2(y%+0)

with n = yy 7

12
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It turns out that the Poisson brackets among the primary
constraints are very similar to those of the CMPR action. The only
non-(weakly)vanishing Poisson bracket is given by

Hamiltonian
analysis of BF

gravit};w%thl 1 _
—— (H(x), @ (y)) = ;P76 (x,)
where ( o) o)
7) 01 2
Wb = _znhcf( f + 1+Zy—2* f T] alCdDd IT o),

Then W* becomes a secondary constraint and its evolution leads
to the fixing of the Lagrange multiplier A%.

13
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e Finally, the classification of the constraints and the degree of
analysis of BF freedom count are as follows:

gravity with

constant. o G, H,, and H = H + LF4(M) iy ar) @ are first-class.

o @ and W are second-class.

e The number of physical degrees of freedom is 2.

14
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@ Both BF action principles of gravity possess 2 local degrees of
freedom, the same number of general relativity.

® Despite the Immirzi parameter enters in both action principles
(do not consider the cosmological coupling in the second
action principle) in different ways and the constraint algebras

Conclusions and may differ a little from each other, we can make the algebras

perspectives
.. . o) 4oy7! ap .
coincide by performing the changes IT— IT and Troy? — a, ID

the constraints of the alternative BF principle. It is also
necessary to redefine suitably the constraint # for
eliminating factors proportional to the constraints &%,

15
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Conclusions and
perspectives

® Manage the second-class constraints to make contact with the
Lorentz-covariant formulations of gravity based on the
first-order action.

@ Coupling of fermions.

® Work out the quantum theories arising from these constrained
systems.

O BF gravity with boundary terms.

16



Cinvestav

BF Gravity

Mariano Ce

iiThank You!!

Conclusions and
perspectives
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