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Introduction

This project began as part of the Fields-MITACS Under-
oraduate Summer Research Program 2011, where Kostiantyn
Drach and Maksym Skoryk were participants in the “Sym-
metries of Euclidean Tessellations and their Covers” group,
which was supervised by Isabel Hubard, Mark Mixer, Daniel
Pellicer, and Asia Weiss. The students were given the follow-
ing topic to consider.

Let 7 be a map on the torus. Describe other maps ¢ on
the torus so that ¢ covers 7 and ¢ has as few flag orbits
as possible.

Figure 1: For the 2-orbit toroidal map {4,4}, 3, a =3 +3i, 8 =2—2
the minimal rotary and regular covering toroidal maps coincide with the
regular toroidal map {4,4},, 7 = 6 — 6¢, which can be obtained by gluing

together 6 fundamental regions of the initial map.

Their work on covers of the equivelar toroidal maps led

to |3]. The project continued as undergraduate research for
Yurii Haidamaka (who is currently a masters student), and
results on covers of the vertex transitive non-equivelar
toroidal maps will be found in [4].

Archimedean Tilings of the Torus

The Archimedean tilings of the plane lead to eleven different
types of tilings of the torus [5]. Let M be an Archimedean
map on the torus. Then M can be obtained as a quotient
of a tessellation 7 of the Euclidean plane by some transla-
tion subgroup G < T’ generated by two linearly independent
vectors. That is to say, M = 7/G.
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Toroidal Covers

A surjective function from a map N to a map M that pre-
serves adjacency and sends vertices to vertices, edges to edges,
and faces to faces is called a covering ot the map M by the

map N . This is denoted by N\, M. Here, we are consid-

ering the case where both maps are on the torus.

Figure 2: {4,4}uv ({4, 4}ap is a 5-sheeted covering, and the covering
map {4,4}u v is obtained by gluing together 5 fundamental regions of

{47 4}a,b

Flag orbits in the plane

An Archimedean toroidal map cannot have fewer flag orbits
than the tessellation of the plane of the same type. For ex-
ample, in the case of a map of type (4.8.8) a toroidal map
will always have at least three flag orbits.

Figure 3: Three flag orbits in a map of type (4.8.8)

Archimedean Toroids
and their Almost Regular Covers

Yurii Haidamaka®
V. N. Karazin Kharkiv National University?

Almost regular maps

Figure 4: Six flag orbits in a map of type (4,6, 12)

An Archimedean map on the torus will be called almost reg-

ular if it has as few flag orbits as possible for its type. In the
case of tilings of type {4,4}, {3,6}, and {6,3} the almost
regular maps coincide with typical regular maps.

Gaussian and Eisenstein Integers

The Gaussian and Eisenstein integers provide a tool for con-
structing minimal covers of equivelar toroidal maps. Plotting
these sets on the complex plane produces the vertex set of
a regular tessellation: 7 = {4,4} for the Gaussian integers,
and 7 = {3,6} for the Fisenstein integers.

The Gaussian integers 7Z|i] are defined as {a+bi | a,b € Z},
where 1 = \/—1. Similarly, the Eisenstein integers Z[w] are
defined as {a + bw | a,b € Z}, where w = H%@ We write
Z\ol|, o = 1,w to denote either of these two sets.

Construction for the non-equivelar cases

For a tessellation 7 of type (4.8.8) on the plane, let e; and es
be the shortest translational symmetries of the tessellation (at
an angle of 7). For the remaining non-equivelar tessellations,
other than (3.3.3.4.4), we will use the vectors e; and eg to
represent the shortest possible translational symmetries (at
the angle of 7).

Given a tessellation 7, the points : {Aey + pes : A\, €
Z.} form the vertices of another tessellation which we denote
7*. For Archimedean toroidal maps 7, , - other than of type
(3.3.3.4.4) - we can study the covers of 7, , by understanding
the covers of 7, . Since 7, , is either of type {4,4} or {3,6},
we must consider the covers of toroidal maps of these types.

The equivelar cases
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Figure 5: Examples of the minimal chiral and regular covers of equivelar

maps

Given an equivelar toroidal map of {4,4} and {3,6}, we can
describe its minimal regular cover. The regular cover will be
of the same type, and these regular maps have been classi-

fied [1, 2.

Theorem: Let 7,3 be an equivelar toroidal map, and
let o, b € Z|o]. Let ¢ = GCD(Rea,Im a, Re 8, Im ().
Then for 7, s there exists a unique minimal regular cov-
ering map 7, . with
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Moreover, the minimal number K,,;,, of fundamental re-

gions of 7, 3 glued together in order to obtain 7, . is equal
to

otherwise.

Im(o : m
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otherwise.
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Given a = a + bo € Z|o|, we define @ := a + bg, where &
is the complex number conjugate to o € C. Also we denote
Rea :=a and Ima =0
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The special case of (3.3.3.4.4)

Due to the structure of the translational symmetries of
this tessellation, we treat it separately.

Theorem: Let 7,1, be Archimedean toroidal map of type

(3.3.3.4.4). Then for 7, there exist a unique minimal
almost regular covering map 7,y with

(c€l,cér + d(éy — é7)), Case 1
<11, V> —
(c€l,d(2€5 — €])) , otherwise.

—

Here @ = (a1, as),b = (b1, b9), 15 = GCD(as, by),

d1 — GCD(QCLl + a9, 2[)1 + 52)’ c— 611192;6121917

d = ®bi=bai | asbi—byay
2l S 2

Then we are in Case 1 if & = 24t®@ (;mod 2) and 2

- 200 — dy 209
201+09
U=2 (mod 2).

Moreover, the number K,,;, of fundamentals regions
Ta b glued together in order to obtain 7,y 1s equal to:

| a1bo—asb|
I Case 1

Kmin —

2 |a1b?ll_lg2b1| , otherwise.

Figure 6: The minimum number of orbits of a map of type {3.3.3.4.4}

For this type of map we are using the basis 1 = (1,0),

& = (3.52+V3)).

Figure 7: For the map (3.3.3.4.4),, ;, where a = €1 and b = €5, the minimal
almost regular covering toroidal map is (3.3.3.4.4),, 4 where © = €71 and
v = €] — 2€9, which can be obtained by gluing together 2 fundamental

regions of the initial map.

Conclusion and Future Work

The topic of toroidal maps and their symmetries and covers
was fruitful for two undergraduate research projects. While
the question was solved in this specific case, there could be
much more to do on other surfaces and with other types ot
maps.
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