Hypertopes with tetrahedral diagram

Domenico Catalano
Universidade de Aveiro, Portugal

joint work with M. E. Fernandes, |. Hubard and D. Leemans

SIGMAPE

D. Catalano hypertopes



Pregeometries (or incidence systems)

Definition (Pregeometry I' = (X, P, 7))
X set of elements of I
P finite partition of X in types
Z c X x X symmetric relation on X such that
VX eP  In(XxX)=2|
called incidence relation
|P| rank of I' denoted by rank(I').

Definition (I' = (X, P,Z) pregeometry)

g(r)=(X,E), Where\ ={{x,y}: (x,y) €T} ‘ is called the
incidence graph of I

Pregeometries are multipartite graphs.
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Morphisms

r=(X,P,I), N = (Y, Q,J) pregeometries.

Definition
f: X — Y homomorphism from I to A if
@ Elements of the same type are mapped to elements of the
same type: |VX; € P 3dY; € Q (X)) cY;
@ incident elements are mapped to incident elements:

(x,y) €T=(F(x):f(y) € T |

Isomorphism: bijective homomorphism f from I to A such that
f~1is a homomorphism from A to T

Automorphism of I': isomorphism from I to T'.
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Symmetries, correlations and dualities

@ Any isomorphism f from I to A induces a bijection
‘73 — 9, Xi— f(X)) ‘:> rank(I') = rank(N).
@ The set Aut(I") of automorphisms of I' is a group containing
| Autp(r) = {f € Aut(T) : VX, € P £(X) = Xi} |
as a subgroup.

@ Symmetries or type preserving automorphisms: elements
of Autp(I).

@ Correlations: elements of Aut(I') \ Autp(T).
@ Dualities: involutory correlations (f = 7).
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Example (J. Tits)

Example (Coset pregeometry I' = I'(G; {G;}))
G group, {Gj, ..., G/} set of r subgroups of G.
r
X=UX with Xi={Gg:9€G},i=1,...,r.
i=1
P={Xi,...,X}and

(Gig.Gh) €T iff i#jand Ggn Gh+# o

ThenT = (X,P,Z) is a pregeometry of rank r and,
foranyae G
va: X — X, Gig— Gjga

is a symmetry of I'.
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Flags and chambers of a pregeometry I' = (X, P, Z)

Definition
Flag : set of pairwise incident elements

Rem: Any flag contains at most one element of each type.

Definition
A flag F containing elements of all types is called a chamber.

Rem: Chambers are maximal flags (with respect to inclusion).

Definition

If any maximal flag is a chamber then T is called an incidence
geometry. An incidence geometry I' = IT'(G; {G;}) is called a
coset geometry.
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Thin incidence geometries

Definition
An incidence geometry I of rank r is called thin if any flag of
cardinality r — 1 is contained in exactly two chambers (called

adjacent chambers).

Any coset pregeometry I has chambers and is a coset
geometry if rank(I') < 3.
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The residue of a flag

Definition

Let Xr be the set of elements incident with all the elements in a
flag F. Restricting P and Z to Xg one gets a pregeometry I'r,
called the residue of F.

Rem: T thin incidence geometry of rank r
= ['r thin incidence geometry of rank r — |F|.

Definition (residually connectedness)

A thin incidence geometry is called a hypertope if any residue
of rank at least 2 is connected.

Rem.: I hypertope = I connected (since I' = ')
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Regular and chiral hypertopes

I hypertope = Autp(I') acts semi-regularly on chambers.

Definition

I reqular if Autp(I') acts regularly on chambers.

I chiral if Autp(I') acts with two orbits on chambers and any two
adjacent chambers lying in different orbits.

Fano plane embedding of genus 3 (Klein’s quartic).
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Distinguished generators

I chiral hypertope of rank r, R={1,...,r}, G := Autp(l'), C
chamber of I'. For i € R let C' be the adjacent chamber of C
differing from C only in the element of type X; € P. Then

eVijeR 3ajeG st |a;C)=(CY

@ G=(w:I,jeR)

® Set[a; = ay] Then|G = (a1,...,a, 1)|and [ar = 1g]

—1 —1
since ajj = ajroy; = QirQy - = oy

® ForJ C Rset| Gy := (ajo; ' :i,j € J)|(Gz = {16}). Then

Gy N Gk = Gynk

for any J, K C R (intersection property: IPT).
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C*-groups and its diagrams

Let G = (S) be a group with generating set S = {1, ..., ar_1}.
We say that (G, S) is a C"-group if G satisfies IP* for
R={1,...,r} witha, =1g.

The complete graph having vertices oy, ..., ar_1,ar = 1g,
where the edge between «; and «; is labelled by the order of

a,-aj‘1 is called the diagram of the C*-group (G, S).

Convention: We erase edges labelled by 2 and we don’t label
edges if its label is 3.

Example (Tetrahedral diagram)
S ={ay, 02,03}
laq| = |ag| = |ag| =3
|a1a2_1| = ]a2a§1\ = \a3a1_1| =3
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Chiral hypertopes from C*-groups

(G,S) Ct-group, S={ay,...,a,_1}, R={1,...,r}. Set
(aj:f#1) if i r
<a171oz2,...,a171ar_1> ifi=r

andset (G, S) =T(G,{G;}).

If T =T(G,S) is a hypertope and G < Autp(I') has two orbits
on chambers, then T is chiral if and only if there is no

o € Aut(G) sending «; to a71 forany i € R. Otherwise, I is
regular.

Rem: Hypertopes (G, S) with linear diagram are abstract
polytopes.
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Infinite families with tetrahedral diagram

For G = PSL(2, q) we looked for hypertopes (@ = I'(G, S) with

tetrahedral diagram = ’ g=1 mod 3\

@ For any prime g = 1 mod 3 we give a chiral hypertope.
@ For any g = p? with a prime p = —1 mod 3 we give a
regular hypertope.

In both cases:

0 1 e € e e
O”Zj[( —1 1 )’az_i<o e )’aS_i< 0 e)’
where e is a primitive third root of unity in GF(q) and
Go, Gz = Ay, Gi,G4 =2 Eq: C3
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Proper and improper correlations

If 1(9) is chiral (q prime) then there are correlations
e fixing the two orbits of Autp (@) = PSL(2, q) on chambers
(proper correlations).
e interchanging the two orbits of Autp(M(?) = PSL(2,q) on
chambers (improper correlations).

Hence '@ has simultaneously proper and improper
correlations (a property that chiral abstract polytopes can not
have).
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